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W
h

y
the

ann
ular

pipe?
�

Incom
plete

experim
entalinform

ation
(additionalm

easuring
difficulties

in

near-w
allregion)

regarding
turbulence

statistics

�

E
ffectoftransverse

curvature
on

turbulence
notfully

docum
ented

�

N
um

ericalsolution
ofincom

pressible
N

S
equation

(D
N

S
)

O
bjectives

�

E
xtend

to
the

cylindricalgeom
etry

a
num

ericalm
ethod

for
the

D
N

S
ofturbulent

plane
channelflow

(adapta
com

puter
code

w
ithoutstructuralchanges)

�

P
erform

D
N

S
ofthe

turbulentflow
in

an
annular

pipe
(never

reported)
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W
hat

is
D

N
S

of
turb

ulence?

N
um

ericalsolution
ofthe

fullN
avier–S

tokes
equations

(vs.
LE

S
or

R
A

N
S

)

�

F
ullrange

ofspatial&
tem

poralscales
in

turbulentflow
s

needs
to

be
accounted

for

�

R
equirem

ents
ofspatio-tem

poralresolution
rise

w
ith� �

�

D
N

S
ofpracticalflow

s
athigh� �

is
unaffordable

�

R
esearch

tool,suited
for

basic
turbulence

research
(flow

physics,turbulence

m
odeling)

�

V
ery

dem
anding

in
term

s
ofcom

putationalresources,even
atlow

/m
oderate� �
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D
N

S
of

turb
ulence

in
cylindrical

coordinates
�

N
um

ericaldifficulties
ofcylindricalcoordinate

system

�

few
D

N
S

ofturbulentflow
in

cylindricalgeom
etries

(pipe
flow

only)

�

M
any

ofthe
num

ericalschem
es

solve
N

S
eqs

in
prim

itive
variables,w

ith
the

pressure-correction
approach

�

O
nly

one
D

N
S

study
(N

eves,M
oin

&
M

oser,JF
M

v.272,1994)
considers

transverse
curvature,butis

concerned
w

ith
the

boundary
layer

over
sm

all

cylinders
(w

ith
insufficientresolution

in
the

outer
partofthe

layer)

�

T
he

com
parison

betw
een

the
effects

ofconvex
/concave

transversalcurvature

on
the

turbulence
statistics

is
stillm

issing
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T
he

(standard)
cartesian

case

F
or

plane
channelflow

,there
is

an
alm

oststandard
procedure

developed
by

K
im

,

M
oin

&
M

oser
(JF

M
v.177,1987),by

w
hich:

�

P
ressure

is
elim

inated
from

the
equations

�

N
S

system
is

reduced
to

a
second-order

scalar
equation

for
the

norm
alvorticity

and
a

fourth-order
scalar

equation
for

the
norm

alvelocity

�

W
hen

using
F

ourier
transform

s
in

hom
ogeneous

directions,the
other

velocity

com
ponents

are
easily

recovered

�

H
igh

(nearly
optim

al)
com

putationalefficiency
can

be
achieved
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��

��

C
artesian

case
(cont.)

B
y

applying� �
to

the
m

om
entum

equation,� �
�� �
 .

C
onsidering

the	

com
ponent,one

obtains
for ! �

� �
" � � �
� 

" � �

:

�� �
 ! �

�� �
���
 ! �

� �
�� � �
� �
�� �

B
y

m
anipulating

m
om

entum
equation,and

using
continuity,one

obtains
for�

:

�� �
� ��
�
�� �

��#�
�

� �� � �
�

� �� � �
�
� �

��	
�� � �

� �
�� � �

�

Initialconditions.
P

eriodicity
in�

and�

.
N

o-slip
boundary

conditions
atthe

w
alls:

�
$ �% �%'&
() �
* �
! $ �% �%'&
() �
*
 ! $ �% �% &
() �
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��

��

C
artesian

case
(cont.)

�

B
y

F
ourier

transform
ing

in
the

hom
ogeneous

directions, +�

and +


are
easily

recovered
w

ith
the

solution
ofa

2x2
algebraic

system
:

,--.--/ +�
�

�
0

1 �
�2 �

1
� +��	 �

2 + !

+

�

�
0

1 �
�2 �
2

� +��	 � 1 + !

�

Im
plicittim

e
schem

es
are

usually
notused,due

to
the

need
ofaccuracy

over
a

w
ide

range
ofspatialscales

�

P
artially

im
plicitapproach

is
very

popular:
explicitschem

es
for

the

convective
part,butim

plicitschem
es

for
the

viscous
term

s
(w

ith
tim

e-scales

sm
aller

than
those

needing
accurate

representation)
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C
ylindrical

case

� �� �
�

�3 �$ 3�
)

� 3
�

�3 � 
� 4
�


� �� �
� �

� �� �
� �

� �� 3 � 
3 � �� 4
� �
��� �

�
�� �

� ��

� �� �
� �

� �� �
� �

� �� 3 � 
3 � �� 4 �

 �3

� �
��� 3 �
�� �

���� �
�3 � �
53 �
� 
� 4

� 
� �
� �

� 
� �
� �

� 
� 3 � 
3 � 
� 4
� �
3
� �
�3 ��� 4

�
�� �

� �
 �

3 �

�
53 �
� �� 4

w
here

� �
�
� �� � �

�
�3 �� 3

3 �� 3
�

�3 �
� �� 4 �
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��

��

C
ylindricalcase

(cont.)

R

R

e

i

2δ
x, u

r, v

θ,

L

flow
L

x

θ

w
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��

��

C
ylindricalcase

(cont.)

B
y

F
ourier

transform
ing

the
equations

in
hom

ogeneous
directions�

(w
ave

num
ber

1

)
and4

(w
ave

num
ber6

)
these

difficulties
are

left:

�

im
possible

im
plicittreatm

entofviscous
term

s:
com

ponents
ofthe

m
om

entum

equation
are

coupled

�7 �
�
1 �
� 6 �
" 3 �

depends
on3 !

N
otation:89 �

�9� 3 *
8:9 �
�9� 3 �
93

;
� �
� �
7 �
� 8: 8
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T
he

m
ethod:

equation
for<=

In
analogy

w
ith

the
cartesian

case,by
taking� �

ofthe
m

om
entum

equation
and

considering
the3

com
ponent,one

obtains
for

radialvorticity>

:

� +>� �
�
�� �

��� +> �
+>3 �

� 5 063 �
8 +�
� 5 613 � +�
�

063 +�
� �
01 +�
�

�

N
otindependentof +�

anym
ore

(no
problem

ifequation
for +�

does
notcontain +>

!)

�

C
ontains

a
curvature

term ?
8 +�

�

B
oth +�

and +�

term
s

can
enter

the
explicitpart:

low
-order

derivatives,

presum
ably

sm
allsince

difference
w

ith
cartesian,hence

no
stability

problem
s
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T
he

m
ethod:

equation
for@

�

C
ontinuity

equation
is

F
ourier

transform
ed

and
tim

e
differenced

�

E
xpressions

for� +�
" � �

and� +

" � �

are
taken

from
m

om
entum

eq.

�

F
urther

sim
plifications

by
using

continuity

�

S
olve

for +�

,then
put8 +�

in3

com
ponentofm

om
entum

eq.

�� �
A +� �

8
�7 �

8: +�
B �

�
�� �

8
�7 �

A 7 �8: +� �
8: 88: +� �

56 �3DC +�
� 5 063 �
8 +
 �
5 063DC +


B
�

�
�� �

�
7 � +�
� 88: +� �
5 063 � +

� 8

A �7 �
01 +�
� �

063 +�
�

B � +�
�
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��

��

T
he

m
ethod:

equation
for@

(cont.)
�

Independentof +>

�

C
ontains

curvature
term

s ?
+


�

C
urvature

term
s

can
enter

the
explicitpart,w

ithoutstability
problem

s

In
analogy

w
ith

the
cartesian

case, +�

e +


are
recovered

w
ith

the
solution

ofa
2x2

algebraic
system

:
,--.--/ +�

�
�7 �

01 8: +� �
063 +>

+

�
�7 �

01 +> �
063

8: +�
A

s
in

cartesian
case,for7 �

�


the�

and4

com
ponents

ofthe
m

om
entum

equation
are

to
be

solved
directly.
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T
he

n
um

erical
solution

�

F
F

T
algorithm

s
allow

exactcom
putation

ofthe
nonlinear

term
s

in
physical

space;D
e-aliasing

w
ith

the
3/2

rule.

�

R
adialderivatives

discretized
w

ith
finite

differences
over

a
5-pointstencil;

low
-order

derivatives
are

IV
order,higher

order
derivatives

are
IInd

order

�

form
ally

IInd
order

m
ethod,butadvantageous

com
pared

to
a

IInd
order

schem
e

�

T
im

e
integration:

as
in

K
M

M
,third-order

R
unge-K

utta
for

the
explicitpart,and

second-order
C

rank-N
icholson

for
the

im
plicitpart.
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T
he

ph
ysical

prob
lem

�
P

eriodicity
assum

ption
in�

and4

directions

�

Inner
radiusEF �

5(

and
outer

radiusEG �
H( ;gapEG �
EF �
5(

�1I �
 JK

w
hich

gives LM �
HN(

6I �
5

w
hich

gives 5N(O LP O HN(

(inner
/outer

w
alls)

�

N
o

need
to

consider
fullcircum

ferentialextension
ofthe

annulus:6I �
5

gives

spanw
ise

dim
ensions

w
ider

than
plane

case

�� �
�
QR ("TS
�
5U ,w

hereQR
is

bulk
velocity;corresponds

to� �
V ?
�U H

for
the

inner
w

all,and� �
V �
�WX

for
the

outer
w

all(� �
V �
�U

reference

value
for

channelflow
)

�

C
onstantflow

rate;after
reaching

steady
state,com

putations
are

carried
outfor

�K �QR" ( ,storing
flow

fields
every�K �QR" (
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Transversal
resolution

&
cylindrical

coordinates
�

F
or

a
given6I ,transversalsize

ofthe
com

putationaldom
ain

increases
w

ith3

�

P
hysicalconsiderations

dictate
m

inim
alrequired

resolution,needed
atouter

w
all

�

R
esolution

increases
(linearly)

above
necessary

approaching
inner

w
all

;

potentialstability
problem

s,and
w

aste
ofcom

putationalresources

�

W
ith

F
ourier

schem
es,F

ourier
series

m
ustbe

truncated
atw

avenum
ber

corresponding
to

m
axim

um
resolution

S
olution

A
n3 -dependenttruncation

ofthe
series

can
rem

ove
the

unneeded
azim

uthal

m
odes,saving

m
em

ory
and

C
P

U
tim

e,and
avoiding

stability
problem

s.
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C
om

putational
param

eters
�

R
adialrange

divided
in

128
(uneven)

intervals

�

193
F

ourier
m

odes
in

axialdirection:

�
YX
O
1" 1I O
� YX

�

321
F

ourier
m

odes
in4

direction
at3 �

EG : �
�XO 6" 6I O
� �X ;

they
linearly

reduce
to

161
at3 �EF

�

S
patialresolution

is
very

high:Z�
[?
��JW ;Z�
[?
K JU ;Z3 [�
 JY �
HJK

�

12
m

illions
d.o.f.;R

A
M

m
em

ory:
310M

B
;single

flow
field

on
disk:

110M
B

�

280
seconds

/tim
e

step
for

a
S

M
P

personalcom
puter

(2
C

P
U

Intel550M
H

z);

parallelspeedup
of100%

�

T
im

e
step J 5�QR" (

(com
parable

to
planar

case);com
puting

tim
e ?

3
w

eeks
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1-d
energy

spectra
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Turb
ulent

stresses

-1

-0.8

-0.6

-0.4

-0.2 0

0.2

0.4

0.6

0.8 1

2
2.5

3
3.5

4

-uv^

r/delta

-uv
-uv +

 1/R
e du/dr

channel
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R
M

S
vorticity

fluctuations

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

2
2.5

3
3.5

4

o_i/u_tau^2

r/delta

o_x
o_r
o_t
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C
onc

lusions

�

A
n

efficientm
ethod

for
D

N
S

ofturbulentflow
s

in
cylindricalgeom

etries
has

been
presented,as

an
extension

ofthe
cartesian

case

�

T
he

num
ber

ofF
ourier

m
odes

in4

direction
has

been
varied

w
ith3 ,so

thatthe

azim
uthalresolution

is
constant:

significantbenefits

�

Turbulentflow
in

the
annular

pipe
has

been
studied

for
the

firsttim
e

via
D

N
S

�

P
relim

inary
observations

on
the

effectofthe
transverse

(concave
and

convex)

curvature
on

the
turbulence

statistics
have

been
reported


