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1 Mechanical Problems in Differential-Algebraic Form

The dynamics of unconstrained mechanical systems is described by Ordinary Differential
Equations (ODE). Its solution does not present significant problems. The dynamics of
constrained systems implies the addition of kinematic constraints in form of algebraic re-
lationships between the kinematic variables that describe the motion of the unconstrained
system. Type of problems can be solved in rather different manners; the most appropriate
approach needs to be carefully considered, often on a case by case basis. This discussion
aims at providing useful indications to determine the most appropriate approach.

1.1 Unconstrained Systems

The dynamics of a generic mechanical system is described by the differential equation

M (q) q̈ = f (q̇,q, t) , (1)

where q and its derivatives represents the kinematics of the system, while M is the mass
matrix and f are the remaining forces. The same equation describes the dynamics of a
continuum after discretization.

1.2 Constrained Systems

Kinematic constraints are naturally expressed in form of algebraic relationships between
kinematic variables. Two kinds of constraints can be formulated: holonomic and non-
holonomic:

• holonomic constraints express a finite algebraic relationship between kinematic vari-
ables, e.g.

φ (q, t) = 0; (2)

when an explicit dependence on time t is present, the constraint is called rheonomic,
otherwise it is called scleronomic;

• non-holonomic constraints express an algebraic relationship in differential, non-
integrable form, e.g.

A (q, t) q̇− b (q, t)′ = 0. (3)

The constraint is usually expressed, as above, in form of the time derivative of q,
but it should be thought as

A (q, t) dq− b (q, t)′ dt = 0, (4)

i.e. like the differential of a non-existing continuous function of q and t.

Exercise 1.1 Formulate the equation that expresses the (non-holonomic) constraint of a
disc rolling on a straight line in two-dimensions.
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Exercise 1.2 Formulate the equations that express the (non-holonomic) constraints of a
‘marble’ rolling on a flat surface.

The presence of holonomic or non-holonomic constraints implies the addition of alge-
braic equations in the form of Eq. (2) or Eq. (3). Constraint reactions arise, in the form of
Lagrange multipliers λ. Consider the case of holonomic constraints: the Lagrange multi-
pliers result from augmenting the approach used to generate the unconstrained dynamics
equations, Eq. (1), with the virtual perturbation of a contribution of the form

λ · φ (q, t) , (5)

which yields

δ (λ · φ (q, t)) = δλ · φ (q, t) + δq · φT
/qλ. (6)

The term that multiplies δλ is the constraint equation, while the one that multiplies δq
is added to the equations of motion, yielding

M (q) q̈ = f (q̇,q, t) + φT
/qλ (7a)

φ (q, t) = 0. (7b)

Similarly, in case of non-holonomic constraints, one obtains

M (q) q̈ = f (q̇,q, t) +ATλ (8a)

A (q, t) q̇+ b (q, t) = 0. (8b)

In this case, one might be tempted to write a form

λ · (A (q, t) q̇+ b (q, t)) NO! (9)

and perturb it much like in the case of holonomic constraints; this would lead to incorrect
results! One should rather consider the form of Eq. (4) and replace dq with δq at fixed
time, according to the definition of virtual displacement, i.e. with dt = 0, resulting in
Eq. (8).

Non-holonomic constraint equations are algebraic, despite they contain the time deriva-
tives of the kinematic variables, because they do not contain the time derivatives of the
algebraic variables (the multipliers).

1.3 Multi-Field Problems

Often DAE systems arise from the formulation of multi-field problems, where different
fields of analysis are glued together. Consider for example coupled problems where a
mechanical system is actuated by a hydraulic subsystem, which in turn is controlled by
an electrical network, and the whole system is immersed in an aerodynamic field whose
boundary conditions are determined by the deformation of the structure and the motion
of hydraulically actuated control surfaces.

The dynamics of electrical and hydraulic networks are often written in terms of current
and flow balance equations at the nodes of the network, complemented by the constitutive
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properties of each branch of the network (capacitors, resistors, inductors, current and
voltage generators, motors, or pipes, orifices, accumulators, pressure and flow generators,
actuators, servo-valves).

The interface between different physical models, for generality, may be expressed in
terms of compatibility equations between homogeneous quantities using algebraic con-
straints.

1.4 Solution Approaches

Two main approaches can be followed to solve constrained system dynamics:

• reduction to ODE;

• direct solution of DAE.

The two approaches are rather different, but present significant common aspects. The
convenience of each approach needs to be considered with care, although in computer
methods the latter is emerging. These notes should help the reader in determining the
most appropriate approach for specific problems.

An intermediate approach, substantially analogous to the first one, consists in remov-
ing from the external loads the portion that would cause a constraint violation, without
formally reducing the number of equations and kinematic variables.

1.5 Direct Elimination of Lagrange Multipliers

This is the case of the above mentioned intermediate approach. The exact solution of the
constraint problem implies to reformulate the constraint equations in terms of the second
derivative of the kinematic variables. When the constraint is holonomic, this implies

0 = φ̇ (q, t) = φ/qq̇+ φ/t = φ/qq̇+ b′ (10a)

0 = φ̈ (q, t) = φ/qq̈+
(
φ/qq̇+ φ/t

)

/q
q̇+

(
φ/qq̇+ φ/t

)

/t
= φ/qq̈+ b′′ (10b)

The case of non-holonomic constraints is formally equivalent to that of holonomic con-
straints starting from their first derivative, namely

0 = Aq̈+ (Aq̇− b′)/q q̇+ (Aq̇− b′)/t = Aq̈+ b′′. (11)

At this point, q̈ can be made explicit from the equations of motion, and substituted in
the derivative of the constraint equations, yielding Lagrange’s multipliers,

λ = −
(
φ/qM

−1φT
/q

)−1 (
φ/qM

−1f (q̇,q, t) + b′′
)
. (12)

After substituting the multipliers in the equations of motion a formally purely differential
problem results, that intrinsically complies with the (second derivative of the) constraints
(Gauss [1], Udwadia and Kalaba [2]):

M (q) q̈ =
(

I− φT
/q

(
φ/qM

−1φT
/q

)−1
φ/qM

−1
)

f (q̇,q, t)− φT
/q

(
φ/qM

−1φT
/q

)−1
b′′.

(13)

4



The problem is a bit more complicated in case of non-ideal constraints, i.e. when con-
straint reactions do work for a virtual displacement (e.g. in the case of friction).

This problem is formally purely differential; the resulting equations appear as pure,
since constraint reactions are not present. However, the problem is not constrained. As
Eq. (13) shows, constraints are complied with by removing the portion of the forces that
would violate the second derivative of the constraint with the (oblique) projector

P = I− φT
/q

(
φ/qM

−1φT
/q

)−1
φ/qM

−1. (14)

Since the original constraint is not explicitly enforced, a numerical integration of Eq. (13)
suffers from drift and thus is impractical unless measures are taken to control it, as
discussed in subsequent sections.

1.6 System Reduction to Pure Equations of Motion

According to the projection illustrated in the previous section, the problem of uncon-
strained dynamics is replaced by a problem formally of the same dimensions, whose so-
lution is constrained in a subspace of the original space that is tangent to the constraint
manifold.

At this point one can ask the question: can we reduce the problem to the dimensions
of the subspace that is actually unconstrained? This can be obtained using the constraint
equations to express the constrained variables as functions of the unconstrained ones, the
actual coordinates in a Lagrangian sense.

For example, the kinematic variables can be partitioned in unconstrained (subscript
a) and constrained (subscript o),

q =

{
qa

qo

}
dof used in the analysis
dof omitted

, (15)

where, in analogy with the notation used in NASTRAN, the subscript o indicates the
omitted variables, while the subscript a indicates those that are preserved in the analysis.

The first derivative of the holonomic constraint equation, or the non-holonomic con-
straint equation, can be used to express the constrained variables as functions of the
unconstrained ones,

q̇o = −φ−1
/qo

(
φ/qa

q̇a + φ/t

)
. (16)

This is possible as soon as matrix φ/qo
is square (this is guaranteed by the fact that the

constrained variables must be as many as the constraint equations) and non-singular.
Singularity can only occur when constraints are redundant, possibly indicating a singular
configuration.

1.7 Maggi’s Equations

The derivatives of the kinematic variables can be expressed in compact form as

q̇ =

[
I

−φ−1
/qo

φ/qa

]

e+

{
0

−φ−1
/qo

φ/t

}

= Te+ t, (17)

where e = q̇a.
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Exercise 1.3 Show that q̇ from Eq. (17) intrinsically comply with the first derivative of
the holonomic constraint, Eq. (10a).

The second derivative of the kinematic variables is

q̈ = Tė+ h (q̇,q, t) , (18)

where h (q̇,q, t) = Ṫe + ṫ contains everything that does not contain ė, while T is the
matrix of the linear part of the transformation.

The equilibrium equation can be rewritten in terms of ė,

MTė = f (q̇,q, t)−Mh (q̇,q, t) + φT
/qλ. (19)

The problem is reduced to the subset of the unconstrained kinematic variables (minimal
coordinate set) by premultiplication by the transpose of matrix T,

TTMTė = TT f∗ (q̇,q, t) +TTφT
/qλ, (20)

with f∗(q̇,q, t) = f(q̇,q, t)−Mh(q̇,q, t). Matrix T expresses a subspace that is intrinsi-
cally orthogonal to that described by the multipliers’ matrix, φT

/q,

[
I

−φ−1
/qo

φ/qa

]T [
φT

/qa

φT
/qo

]

= φT
/qa

−
(

φ−1
/qo

φ/qa

)T

φT
/qo

= 0. (21)

Eqs. (20) thus reduce to the pure equations

TTMTė = TT f∗ (q̇,q, t) . (22)

They are called Maggi’s equations [3], from the name of the Italian mathematician that
first formulated them at the end of the XIXth century. They are also known as Kane’s
equations, from the name of the American mathematician that independently rediscovered
them in the second half of the XXth century [4]. They are well illustrated in [5].

The resulting system is second-order differential in the unconstrained variables qa,
and first-order differential in the constrained variables qo,

M̂q̈a = f̂ (q̇a, q̇o,qa,qo, t) (23a)

q̇o = −φ−1
/qo

(
φ/qa

q̇a + φ/t

)
, (23b)

where M̂ = TTMT and f̂ = TT f∗.
The constrained variables actually need to be solved according to the constraint equa-

tion, Eq. (2), and not only to its derivative, to avoid numerical drift. As a consequence,
the values of qo resulting from the integration of Eq. (23b) need to be corrected to comply
with Eq. (2).
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1.8 Minimal Set and Orthogonality

The main concept at the roots of this formulation consists in the determination of a
subspace T of the space of kinematic variables that is locally orthogonal to the constraint
manifold, such that TTφT

/q = 0. The expression of matrix T resulting from Eq. (17) is
not the only possible one; on the contrary, often the choice of qo is not easy and may
result in algorithms that are not sufficiently robust.

Exercise 1.4 Consider a point-mass pendulum, described by the constraint equation φ =
(x2 + y2)1/2 − L = 0. Why matrix T cannot be determined according to Eq. (17) in a
manner that is equally valid for any position of the point mass?

An efficient and robust algorithm is based on the QR decomposition [6]. This de-
composition factorizes a generic rectangular matrix into the product of a square unit
matrix, Q, such that QTQ = I, and a rectangular matrix, R, that is upper-triangular.
In this case, the generic rectangular matrix is φT

/q, the matrix that expresses the effect

of Lagrange’s multipliers on the equations of motion. The dimensions of matrix φT
/q are

n ×m, with n > m. The resulting unit matrix is n × n, while matrix R is also n ×m.
Its upper m ×m portion, R1, is upper-triangular, while its lower (n −m) × n portion,
R2, is zero:

φT
/q = QR =

[
Q1 Q2

]
[
R1

R2

]

=
[
Q1 Q2

]
[
R1

0

]

= Q1R1. (24)

Only submatrix Q1 of matrix Q, of dimensions n × m, is used, since submatrix Q2

multiplies a null matrix. However, submatrix Q2, of dimensions n× n−m, represents a
convenient subspace that is guaranteed to be orthogonal to the subspace tangent to the
constraint manifold. In fact, if one chooses T = Q2, Eq. (21) is intrinsically satisfied,
since TTφT

/q = QT
2Q1R1, and QT

2Q1 = 0 by definition.
Using matrix Q2, q̇ can be expressed as a function of e, according to

q̇ = Q2e+Q1p
′, (25)

where p′ is an unknown vector of size m× 1. Vector p′ is determined by substituting q̇
in the first derivative of the constraint equation,

φ/qQ2e+ φ/qQ1p
′ + b′ = 0. (26)

This yields

RT
1 QT

1Q2
︸ ︷︷ ︸

≡0

e+RT
1 QT

1Q1
︸ ︷︷ ︸

≡I

p′ + b′ = 0, (27)

and thus

p′ = −R−T
1 b′. (28)

This implies that p′ = 0 when the constraint is rheonomic.
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Then, since q̈ is needed,

q̈ = Q2ė+Q1p
′′, (29)

with p′′ unknown as well. Substitute q̈ in the second derivative of the constraint equation,

φ/qQ2ė+ φ/qQ1p
′′ + b′′ = 0. (30)

This yields

RT
1 QT

1Q2
︸ ︷︷ ︸

≡0

ė+RT
1 QT

1Q1
︸ ︷︷ ︸

≡I

p′′ + b′′ = 0 (31)

and thus

p′′ = −R−T
1 b′′. (32)

The acceleration becomes

q̈ = Q2ė−Q1R
−T
1

︸ ︷︷ ︸

φ
+
/x

b′′ (33)

Exercise 1.5 Prove that Q1R
−T
1 corresponds to the Moore-Penrose pseudo-inverse of

matrix φ/x.

The problem is integrated to yield e; from this, q̇ is computed using Eq. (25). Finally,
q̇ is integrated to yield q(0), an estimate of q. The estimate may need to be refined by
enforcing the constraint equation, which requires to solve the implicit nonlinear problem
φ(q) = 0.

A minimal norm solution can be obtained considering a solution of the form

q = q(0) + φT
/qν, (34)

where ∆ν is computed by solving the problem

φ/q∆q = −φ. (35)

Since, according to Eq. (34), ∆q = φT
/q∆ν,

∆ν = −
(
φ/qφ

T
/q

)−1
φ, (36)

one obtains

q(k+1) = q(k) − φT
/q

(
φ/qφ

T
/q

)−1

︸ ︷︷ ︸

φ
+
/q(q(k))

φ
(
q(k)
)
. (37)

Exercise 1.6 Apply the QR decomposition to the Jacobian matrix of the pendulum con-
straint equation of exercise 1.4 and determine the optimal Q2 (suggestion: consider
φ/qφ

T
/q with φ/q in QR form).
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A similar result can be obtained using the Singular Value Decomposition (SVD) [7, 8],

φT
/q = USVT =

[
U1 U2

]
[
Σ
0

]

VT = U1ΣV, (38)

where U and V are unit matrices respectively of dimensions n × n and m × m, while
S is n × m. Matrix Σ is diagonal, m × m, and contains the singular values of matrix
φ/q. Singular values are non-negative by definition; they are positive if the constraints
are well-posed, and thus the rank of matrix φ/q is m. Matrix U2 has the same role that
matrix Q2 has within the QR decomposition.

Exercise 1.7 Apply the SVD decomposition to the Jacobian matrix of the pendulum
constraint equation of exercise 1.4 and determine the optimal U2 (suggestion: consider
φ/qφ

T
/q in SVD form).

Other approaches are related to the zero-eigenvalue theorem [9], the Gramm-Schmidt
orthonormalization [10, 11], and more. A detailed discussion of projection algorithms is
given in [12] and [13].

Exercise 1.8 The zero-eigenvalue theorem builds on top of eigenanalysis of φT
/qφ/q. Can

you infer the resulting optimal T?

Exercise 1.9 Compare the zero-eigenvalue theorem and the SVD approach; why is the
latter more appealing than the former in practical applications?

2 Ordinary Differential Equations

A system of Ordinary Differential Equations (ODE) in explicit form is given by

ẏ = f (y, t) . (39)

The study of this type of problems, with the exception of Linear, Time-Invariant (LTI)
and Linear, Time-Periodic (LTP) problems, is nearly impossible without resorting to
numerical methods.

Using numerical methods, usually the system cannot be studied; only specific problems
can be solved, consisting of Eq. (39) with a set of initial values, y(t0) = y0, yielding an
Initial Value Problem (IVP),

ẏ = f (y, t) , y (t0) = y0. (40)

Its solution is represented by function y (t).
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2.1 Solution Approximation

The solution of an IVP is called integration. When integration in closed form is not
possible, numerical integration methods need to be used to approximate the solution.
Various approaches are available, with fairly different properties. Criteria need to be
defined to be able to choose the most appropriate method for a specific problem. Various
classifications are possible; fundamental properties are:

• implicit/explicit

• conditionally/unconditionally stable

• single step/multiple step

Consider a simple mechanical problem, consisting in an undamped system with no exci-
tation (this problem is rather critical) in the form

mẍ+ kx = 0. (41)

A finite-difference approximation can be used, consisting in

ẍ =
xk+1 − 2xk + xk−1

h2
. (42)

The approximation can be formulated in different manners:

• centered differences when the numerical derivative is evaluated in the center of the
interval, namely ẍ = ẍk;

• forward differences when the numerical derivative is evaluated at the current time
step, namely ẍ = ẍk+1.

Exercise 2.1 Evaluate the accuracy of centered and forward differences (hint: integrate
a polynomial function f = a0 + a1t + a2t

2 + . . . over a time step h, and find the lowest
coefficient that differs from the expected value).

2.1.1 Centered Differences

When ẍ = ẍk the prediction is straightforward:

ẍk =
xk+1 − 2xk + xk−1

h2
, (43)

resulting in

m
xk+1 − 2xk + xk−1

h2
+ kxk = 0 (44)

and thus

xk+1 =

(

2− h2 k

m

)

xk − xk−1. (45)
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2.1.2 Forward Differences

When ẍ = ẍk+1 the unknown is simultaneously present in the derivative and in the state,
thus the formula is implicit:

ẍk+1 =
xk+1 − 2xk + xk−1

h2
, (46)

which yields

m
xk+1 − 2xk + xk−1

h2
+ kxk+1 = 0 (47)

and thus
(m

h2
+ k
)

xk+1 =
m

h2
(2xk − xk−1) . (48)

One can easily verify that the first formula (centered differences) gives higher accuracy,
but its stability is conditioned by the need to select an appropriate time step below a
given limit that depends on m and k. On the contrary the second formula (forward
differences), although less accurate, yields stability properties that do not depend on the
size of the time step.

Proof: The solution of a homogeneous difference LTI equation is xk = ρxk−1, which
yields xk = ρkx0. In order to be asymptotically stable, |ρ| < 1 must hold.

Centered differences yield

m

h2
ρ2 =

m

h2
(2ρ− 1)− kρ, (49)

namely

ρ =

(

1−
kh2

2m

)

± j

√

1−

(

1−
kh2

2m

)2

. (50)

As soon as the roots are complex conjugates, namely

1−

(

1−
kh2

2m

)2

> 0, (51)

|ρ| is unit, and accuracy is maximal: the amplitude of the solution does not reduce, which
is correct for an undamped system, while the period of the oscillation presents some error,
since ρ is complex and not real.

However, the roots are no longer complex conjugates when h = 2
√

m/k; at this point,
one of the real roots makes ρ > 1, thus the numerical solution of a stable problem becomes
unstable: the stability of the integration method is conditional, depending on the time
step.

In case of forward differences the equation becomes
(m

h2
+ k
)

ρ2 − 2
m

h2
ρ+

m

h2
= 0, (52)
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namely

ρ =
1± j

√

k

m
h2

(

1 +
k

m
h2

) . (53)

The two roots are now always complex conjugates, except for h = 0; the modulus of ρ is
always less than 1, except for h = 0. The homogeneous solution of an undamped (stable)
system will eventually converge to zero, unless h ≡ 0.

This characteristic should not be considered absolutely negative. In fact, what is typ-
ically of interest when solving dynamic systems are often forced cases. As a consequence,
an unconditionally stable integration method that introduces some algorithmic dissipa-
tion will cancel the response of the system to perturbations of the initial conditions, while
the negative effect of the integration scheme on the forced response is limited, the more
the smaller the time step is, and thus ρ is closer to 1.

What makes forward differences not so appealing when mechanical systems need to
be integrated is the fact that for h > 0 they introduce algorithmic dissipation even in
systems with null physical damping, since |ρ| < 1 ∀h > 0.

2.2 Implicit and Explicit Methods

A numerical integration method is explicit when the function to be integrated, ẏ = f (y, t),
needs to be evaluated only at times earlier than the one the problem is being solved at.
Otherwise, a method is implicit.

Example: explicit Euler

yk+1 = yk + hf (yk, tk) (54)

Example: implicit Euler

yk+1 = yk + hf
(
yk+1, tk+1

)
(55)

It is worth noticing that in the case of the implicit Euler the unknown yk+1 appears
at the left- and at the right-hand side, and thus cannot be directly evaluated.

Exercise 2.2 Evaluate the accuracy of the explicit and implicit Euler methods.

2.3 Conditionally and Unconditionally Stable Methods

A method is conditionally stable if its stability is guaranteed only for time steps that
belong to a finite time interval (starting from 0, as illustrated in the following). It is
unconditionally stable if its stability is guaranteed regardless of the integration time step
size. Rigorous stability criteria will be formulated in the following. They make the
evaluation of the stability properties of the solution approximation methods possible.

Exercise 2.3 Evaluate the stability of the explicit and implicit Euler methods, highlight-
ing any limitation on the time step.
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2.4 Single- and Multistep Methods

Methods are often classified based on the number of previous steps the function to be
integrated needs to be evaluated to compute the solution at the current time step. Single-
step methods start from the knowledge of the solution at the last known step (or from
the initial conditions when the first step is performed). Multistep methods require the
knowledge of the solution more than one step behind. Single-step methods are self-
starting, i.e. the method can be used to start from the initial time, while multistep
methods require some start criterion.

2.5 Linear Multistep Methods

Typical linear multistep methods fall into the general formula
∑

j=0,k

αjyn−j = h
∑

j=0,k

βjf
(
yn−j, tn−j

)
(56)

with α0 = 1; explicit methods have β0 = 0. When the unknown at the current time step
is isolated,

yn = −
∑

j=1,k

αjyn−j + h
∑

j=0,k

βjf
(
yn−j, tn−j

)
. (57)

In practice, the unknown is expressed as a linear combination of its value and of the
function to be integrated at previous time steps.

Interesting variants of the multistep methods are the so-called one-leg methods,

∑

j=0,k

αjyn−j = hf

(
∑

j=0,k

βjyn−j,
∑

j=0,k

βjtn−j

)

, (58)

where the function is evaluated only at the current time step using a linear combination
of the unknown at previous time steps; if the unknown value is included, namely β0 6= 0,
the method is implicit.

Exercise 2.4 Formulate explicit and implicit Euler according to the one-leg formula.

A very interesting implicit method is the one-step trapezoid rule (a.k.a. Crank-Nicolson):

yn = yn−1 + h
f (yn, tn) + f

(
yn−1, tn−1

)

2
(59)

which, in the one-leg variant, becomes

yn = yn−1 + hf

(
yn + yn−1

2
,
tn + tn−1

2

)

(60)

with the same stability and accuracy properties. In practice function y is evaluated at
step n as its value at step n− 1 plus its forward projection with slope equal to either the
average of the slopes at both ends of the time step, or that at mid-step.

Exercise 2.5 Evaluate the accuracy of both forms of the one-step trapezoid rule.

Exercise 2.6 Evaluate the stability of both forms of the one-step trapezoid rule.
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2.6 Single-Step Methods

Typical single-step methods (other than multistep ones with k = 1, which represent
the link between the two categories) can be cast into the Runge-Kutta scheme. They
consist in defining a set of intermediate points within the time step, where the function
is computed using an interpolation of pseudo-values of the derivative, which in turn are
computed interpolating estimated values of the function. The solution approximation is
obtained from an interpolation like

yn = yn−1 + h
∑

j=1,s

bjYj (61a)

Yi = f

(

yn−1 + h
∑

j=1,s

aijYj, tn−1 + cih

)

, (61b)

subjected to ci =
∑

j aij. The definition of the pseudo-derivative is recursive; moreover

• when the matrix of coefficients aij is lower sub-triangular (aij = 0 when j ≥ i) the
method is explicit ;

• when it is lower triangular (aij = 0 when j > i), the method is diagonally implicit
(Diagonally Implicit Runge-Kutta, DIRK); finally,

• if the diagonal coefficients aii are all equal, the method is singly implicit (Singly
Implicit Runge-Kutta, SIRK)1.

In the explicit case, the pseudo-derivatives Yi at some intermediate point i only depend
on those evaluated at previous intermediate points, while in the implicit case they also
depend on themselves and possibly on subsequent ones.

However, in the Diagonally- and Singly-Implicit cases, there is no dependence be-
tween an intermediate point and the subsequent ones. This gives some computational
advantages.

Runge-Kutta methods differ by the values assumed by the different coefficients, yield-
ing different stability and accuracy properties. In case they are applied to DAEs, some
additional requirements need to be met to guarantee stability.

The coefficients of the Runge-Kutta methods are usually represented using Butcher’s
matrix:

c1 a11 a12 · · · a1s
c2 a21 a22 · · · a2s
...

...
...

. . .
...

cs as1 as2 · · · ass
b1 b2 · · · bs

(62)

Single-step methods usually require to evaluate function f at intermediate steps. When
the method is explicit, the evaluations are performed in cascade. When the method is

1Nomenclature is not unique; often SIRK is used in the literature to indicate diagonally implicit
methods, without any distinction between DIRK and SIRK.
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implicit, the solution may require the simultaneous solution of the problem at multiple
intermediate times. Only in case of DIRK the solution, although implicit, occur in
cascade, and thus the size of each single implicit problem that needs to be solved is equal
to the size of f .

A single step algorithm can thus be much more computationally expensive than a
multistep one. However, the freedom in the selection of the intermediate times (which
need not be equally spaced as in multistep algorithms) and of the weights gives more
flexibility in the design of the stability and accuracy properties of the algorithm.

2.7 Synthesis of Both Classes

Both methods can be unified interpreting them in form of discrete integration by collo-
cation of a function approximated by interpolating elementary functions, in the spirit of
the finite elements method [14]. The approximate solution can be expressed as

ŷ (t) =
∑

i=0,s

mi (t)yk−i + h
∑

i=0,s

ni (t) ẏk−i (63)

The solution at a generic step according to the fundamental theorem of integral calculus
applied to f is

yk = yk−s +

∫ k

k−s

f (y, t) dt. (64)

The integral can be approximated by collocation,

yk
∼= yk−s +

∑

j=1,n

wjf (y (tj) , tj) . (65)

Using the approximation of the solution to evaluate the function, one obtains

yk
∼= yk−s +

∑

j=1,n

wjf (ŷ (tj) , tj) , (66)

a form analogous to Runge-Kutta involving more than one step. Various methods known
from the literature and a series of new methods with intermediate characteristics can
be obtained by carefully selecting the shape functions and the numerical integration
technique.

This approach shows how the coefficients of the Runge-Kutta methods can be inter-
preted as the result of applying a collocation integration method with a solution interpo-
lation criterion. This is at the roots of the finite elements method.

One could use a Galerkin-like integration instead of the collocation (the latter can
be considered a special case of the former). This makes the approach even more general
for the design of integration methods, under the umbrella of weighted residuals in an
extended interpretation, which includes approaches like finite elements in time (FET),
even with discontinuities. However, in practical applications, the analytical integration of
Galerkin-like formulas is impractical. As a consequence, one would need to resort again
to collocation techniques.

15



2.8 Accuracy

An important property of solution approximation methods is accuracy. An intuitive
definition of accuracy of linear methods is represented by the order of the polynomial that
they can integrate exactly. A measure of the local error resulting from the integration,
in turn, is given by the coefficient of the first non-null term of the remainder polynomial.

A more rigorous definition is represented by the limit, when the time step tends to
zero, of the ratio between the errors when the time steps halves, namely

n = lim
h→0

log2

(
E (2h)

E (h)

)

− 1 (67)

The ratio is that the remainder of a method of order n is o(hn) and thus O(h(n + 1));
then o((2h)n) ≈ 2n+1o(hn); thus

lim
h→0

log2

(
E (2h)

E (h)

)

= lim
h→0

log2

(
o((2h)n)

o(hn)

)

≈ lim
h→0

log2

(
2n+1o(hn)

o(hn)

)

= n+ 1. (68)

The convergence in damping and phase of a set of methods is reported in Fig. 1, while
the error in damping and phase is reported in Fig. 2.

3 Linear Stability

The linear stability of a solution approximation method is studied by applying the method
to a simple scalar linear differential problem

ẏ = λy. (69)

It represents a local linearization of a generic nonlinear problem about a fixed point, thus
it contains information on the stability of the nonlinear problem in the vicinity of that
solution. In this sense linear stability is also called local stability, since its results are only
valid in the vicinity of an equilibrium point, and only assume a general value for Linear,
Time Invariant problems (LTI).

Exercise 3.1 Show how the generic linear damped oscillator without forcing term, mẍ+
rẋ+ kx = 0, can be written in the form of Eq. (69).

The application of a generic solution approximation method yields, in the discrete
time domain, a difference problem

yk+1 = ρyk (70)

where ρ = ρ (λh); the stability region of the method is given by the set of values of λ and
h for which the condition |ρ| < 1 holds, i.e. the integration of the linear problem yields a
converging, possibly oscillating solution.

Exercise 3.2 Determine the stability region of explicit/implicit Euler and Crank-Nicolson
methods.
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Figure 1: Convergence in damping and phase of a set of methods
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Figure 2: Error in damping and phase of a set of methods
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Multistep methods yield a polynomial in ρ of order equal to the number of steps.
The polynomial root with largest modulus dominates the linear stability behavior of the
method.

The most relevant stability definitions related to ODE and DAE integration are re-
ported in the following.

3.1 Zero-stability

A method is called zero-stable when the difference between two approximate solutions is
limited as long as the time step is limited (i.e. h ∈ [0, h0]).

Zero-stability is a necessary requirement for an approximation method to be usable. It
rigorously expresses the concept of conditional stability. Note that the range of acceptable
time steps has zero as lower bound. This excludes all methods that are not stable for
time steps below a given threshold.

3.1.1 Dahlquist’s First Theorem

Dahlquist’s first theorem (1956), also known as Dahlquist’s first barrier, states that a
linear multistep integration method with k steps cannot have accuracy greater than k+1
when k is odd, or k + 2 when k is even, without losing Zero-stability.

Methods of practical use for the solution of structural dynamics problems, where
eigenvalues are complex and dominated by the imaginary part (i.e. with very low damping
coefficient), usually have two steps (k = 2); this means that a conditionally stable scheme
cannot have accuracy greater than 4.

Exercise 3.3 Determine the accuracy of explicit/implicit Euler and Crank-Nicolson meth-
ods and check their compliance with Dahlquist’s first theorem.

3.2 A-stability

A method is called A-stable (Dahlquist) when its stability region, for Re (λ) < 0, does
not depend on the size of the time step. This means that the solution converges to zero
asymptotically.

Note the definition: Re (λ) < 0 means that the definition only applies to problems
that are asymptotically stable; A-stability requires that asymptotically stable problems
result in asymptotically stable approximate solutions, although there is no requirement
on how accurate the solution is, i.e. on whether the equivalent damping of the approxi-
mate solution is identical to (or larger or smaller than) that of the problem. Moreover,
a numerical method that yields an asymptotically stable approximate solution of an un-
stable problem is A-stable, although this behavior might not be acceptable because a
fundamental property of the problem is not captured.

A-stability rigorously expresses the concept of unconditional stability.
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Table 1: Summary of stability criteria.
Name Definition

Zero-stability limk→+∞ yk(h2)− yk(h1) bounded when h1, h2 ∈ [0, h0]
A-stability limk→+∞ yk(λh)/y0 = 0 ∀h > 0 when Re(λ) < 0
L-stability A-stability and limRe(λh)→−∞ yk+1(λh)/yk(λh) = 0

3.2.1 Dahlquist’s Second Theorem

Another theorem formulated by Dahlquist (1963), also known as Dahlquist’s Second Bar-
rier, states that an explicit integration scheme cannot be A-stable; the accuracy of an
A-stable multistep integration scheme cannot be greater than 2; among the A-stable mul-
tistep integration schemes, the one with least error is the trapezoid rule (also known as
Simpson or Crank-Nicolson)

There exist methods defined stiffly stable, that is A-stable when applied to so-called
stiff problems (Gear). This notion of stiffness should not be confused with that of
stiffness of a spring in a mechanical system, which is usually related to high-frequency,
nearly undamped oscillatory behavior. Systems that are stiff in the sense indicated by
Gear have very large eigenvalues in the left half-plane, on or very close to the real axis,
i.e. with either supercritical or subcritical but nearly critical damping.

Unconditionally stable multistep methods have been specifically formulated for this
type of problems that have accuracy higher than second order, in violation of Dahlquist’s
second barrier. However, these methods fail when applied to problems with complex
eigenvalues close to the imaginary axis, typical of mechanical problems. As a consequence,
they cannot be considered truly A-stable.

3.3 L-stability

A method is L-stable (Ehle, Axelsson) when it is A-stable (i.e. for Re (λ) < 0, |ρ| < 1
for all λh) and, for Re (λh) → −∞, yk+1 = ρyk = 0, that is the spectral radius contracts
into the origin of the unit circle when the time step h increases.

This stability criterion is very important because it suggests a way to eliminate from
the approximation of the solution the oscillations related to very large eigenvalues, with
Re (λh) << −1, while preserving the accuracy of the method for those terms of the solu-
tion related to eigenvalues whose value is up to the order of magnitude of the integration
frequency, i.e. |∡ (λh)| ≪ π.

Figure 3 illustrates the spectral radius of a set of methods as a function of the inte-
gration step h.

Exercise 3.4 Is explicit Euler Zero-stable? Is it A-stable? L-stable?

Exercise 3.5 Is implicit Euler Zero-stable? Is it A-stable? L-stable?

Exercise 3.6 Is Crank-Nicolson Zero-stable? Is it A-stable? L-stable?

Exercise 3.7 Are centered differences Zero-stable? Are they A-stable? L-stable?

Exercise 3.8 Are forward differences Zero-stable? Are they A-stable? L-stable?
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Figure 3: Spectral radius of a set of methods

3.4 Nonlinear Stability

Nonlinear stability, also called global stability, is related to the stability of solutions of
nonlinear problems. The linear system used to evaluate the local stability of numerical
approximation methods can be interpreted as the linearization of a generic nonlinear
problem in the vicinity of an equilibrium point.

What has been discussed so far is essentially based on the analysis of the constant λ,
related to the eigenvalues of a LTI problem. In the LTI case this information characterizes
the entire evolution of a solution. In a nonlinear problem, the analysis of the eigenvalues
of its linearization about an equilibrium point cannot give information about the global
evolution of an arbitrary solution. On the contrary, the literature presents examples of
problems globally stable where the eigenvalues computed from a linearization about an
equilibrium point are structurally in the right half of the complex plane, and vice versa.

Without any ambition to present a detailed discussion, an appropriate measure of the
global stability of a system in the neighborhood of a solution is related to the notion
of contractivity. It expresses the tendency of a perturbed solution to steadily converge
towards the corresponding unperturbed solution within a given time interval. This prop-
erty is clear in the linear case where the solution is y = y0e

λt, so a perturbed solution
ŷ = (y0 + δ) eλt converges to the unperturbed one as soon as Re (λ) < 0, regardless of
the value of the perturbation δ. In a generic case, the contractivity in general can only
be evaluated numerically, after defining an appropriate norm of the perturbation and
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contractivity conditions.
The result is a stability definition, when achievable, that directly uses the stability

criteria in a Lyapunov sense.

3.4.1 Lyapunov Exponents

Lyapunov Exponents (LE), or Lyapunov characteristic exponents, usually indicated as
λi, represent a time-average of exponential rates of convergence or divergence of orbits
in the state space. They can be effectively interpreted (e.g. [15]) as the exponential
evolution of the principal axes of an n-dimensional ellipsoid that grows from an initially
infinitesimal n-sphere according to the map T that describes the time evolution of all
phase points, y(t) = Ty(t0). If the i-th axis of the ellipsoid, starting from iy(t0), changes
into iy(t) = Tiy(t0), the corresponding LE is

λi = lim
t→+∞

1

t
ln

‖iy (t)‖

‖iy (t0)‖
. (71)

For a LTI problem, ẏ = Ay, they correspond to the real part of the eigenvalues of matrix
A; for a Linear Time-Periodic (LTP) problem of period T , ẏ = A(t)y, with A(t+ T ) =
A(t), according to Floquet’s theory they correspond to the real part, divided by T , of the
logarithm of the eigenvalues of the monodromy matrix H that yields y(t + T ) = Hy(t)
[16].

For ergodic systems, LE are (nearly) independent of the trajectory y (the fiducial
trajectory), as proved by Oseledec [17]. As such, they convey information about the
global stability of the problem.

Their definition involves the limit for t → +∞; when computed from numerical
integration, the computation of the solution iy(t) needs to stop at a finite time. The
resulting value λi represents an estimation of the actual LE. Whenever the problem
evolves towards a stationary solution, the LE estimates also converge to a finite value.

According to the ellipsoid interpretation, a positive LE indicates that the ellipsoid
is growing along that direction in the state space; a negative LE indicates contraction.
Intuitively, expansion indicates instability, while contraction indicates stability (exponen-
tial stability): solutions originating from a perturbation along a direction associated to
a positive LE will depart from the original solution, and vice versa.

When the largest LE is negative, the solution is exponentially stable about an equi-
librium point in state space, an attractor of the problem. When the largest LE is zero,
and all the others are negative, the attractor is a line in state space (e.g. a limit cycle).
Higher-order attractors (tori) occur when more than one LE is zero. Positive LE indicate
chaotic behavior.

Estimating LE from Eq. (71) can be very tricky, since the function will either contract
or expand, soon being dominated by the largest LE estimate. Various methods have been
proposed in the literature to preserve information about LE estimates by orthogonaliza-
tion during the computation of the evolution of iy(t).

In any case, no information about the stability of the numerical integration can be
directly inferred from the application of these methods.

Exercise 3.9 Compute the LE associated to the problem ẏ = ay.
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3.4.2 Energy-Based Methods

A completely different approach is used in the so called energy preserving/dissipating
methods. In this case the integration method is tightly coupled to the formulation of
the problem, to exploit intrinsic preservation/dissipation properties (e.g. of mechanical
energy, momentum, momenta moment, etc.).

In some sense these methods guarantee global stability with respect to the properties
they are based on; however, in many cases they require an ad hoc formulation of the
problem and thus may not be applicable to generic problems, e.g. multidisciplinary ones.

Moreover, the preservative form of these methods, although quite interesting from a
theoretical point of view, seldom finds practical application with some notable exception,
because the global preservation of mechanical energy in systems that are stiff in a me-
chanical sense may not prevent energy transfer from low to high frequency dynamics, the
latter often related to the level of spatial discretization rather than on physical properties
of the problem, quickly deteriorating the quality of the solution.

4 Solution Approximation Methods

4.1 Multistep

Among the most important multistep methods for the integration of mechanical prob-
lems, besides the already mentioned trapezoid rule, a special mention is deserved by the
Backward Differentiation Formulas (BDF).

The general formula is

∑

j=0,s

αjyk−j = hβ0f (yk, tk) , (72)

where α coefficients are related by some special relationships. Note that f(y, t) only needs
to be evaluated at one time value.

BDF are Zero-stable up to sixth order while, according to Dahlquist’s second barrier,
they are A-stable only up to second order. Significantly, BDF up to second order are ac-
tually L-stable (first order BDF correspond to implicit Euler). The second order formula
is

yk =
4

3
yk−1 −

1

3
yk−2 +

2

3
hf (yk, tk) . (73)

Exercise 4.1 Verify that the second-order BDF of Eq. (73) is second-order accurate.

Exercise 4.2 Verify that the second-order BDF of Eq. (73) is L-stable.

An interesting two-step formula, in the spirit of the formalism presented earlier, results
from considering a parabolic interpolation on the value of y (i.e. with ni = 0). The
problem is integrated using the three-point trapezoid rule with accuracy limited to second
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order (to comply with Dahlquist’s second barrier), thus leaving the integration weights
indeterminate by the parameter δ:

yk = yk−2

+ h

((
1

2
+ δ

)

f (yk, tk) + (1− 2δ) f
(
yk−1, tk−1

)
+

(
1

2
+ δ

)

f
(
yk−2, tk−2

)
)

. (74)

The resulting form is augmented by adding a Crank-Nicolson integration on the already
computed steps k − 1, k − 2, weighted by a coefficient (β − 1),

0 = (β − 1)

(

−yk−1 + yk−2 +
h

2

(
f
(
yk−1, tk−1

)
+ f

(
yk−2, tk−2

))
)

. (75)

Since the solution at steps k − 1, k − 2 is known, this expression must be an identity; as
a consequence, the method becomes

yk = (1− β)yk−1 + βyk−2 (76)

+ h

((
1

2
+ δ

)

f (yk, tk) +

(
1

2
+

β

2
− 2δ

)

f
(
yk−1, tk−1

)
+

(
β

2
+ δ

)

f
(
yk−2, tk−2

)
)

.

The resulting method is intrinsically second order accurate; an appropriate choice of the
parameters β, δ in the intervals β = 1 → −1/3 and δ = 0 → 1/6 makes the method
cover the cases from A- to L-stability (in the latter case, of course, the method reduces
to second order BDF).

By imposing the asymptotic coincidence of the two roots of the spectral radius, the
latter can be used as the only parameter that characterizes the method,

β =
4ρ2

∞
− (1− ρ∞)2

4− (1− ρ∞)2
(77a)

δ =
1

2

(1− ρ∞)2

4− (1− ρ∞)2
. (77b)

This makes the tuning of the asymptotic dissipation possible, while preserving at least
A-stability and second order accuracy.

4.2 Single Step

There exist many single step methods. Typically, higher-order methods are used; in some
case the order can be adaptive. Higher-order methods are typically used to solve very
regular problems with very long time steps, without losing accuracy. In case of mechanical
problems, fourth order is seldom exceeded.

Consider a method whose Butcher matrix is

0 0 0 0
1/2 5/24 1/3 −1/24
1 1/6 2/3 1/6

1/6 2/3 1/6

(78)
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This method is known as fourth order Lobatto IIIA (note that Crank-Nicolson can be
classified as second order Lobatto IIIA). It can be obtained from the proposed proce-
dure using Hermitian interpolation and integration by collocation with the three-point
trapezoid rule. The method is A-stable, fourth order accurate. It provides no algorith-
mic dissipation: the module of spectral radius for a purely oscillatory problem is unit
regardless of the value of the time step h. Note from Butcher’s matrix that the method
requires to write the problem at mid-step and at the end of the time step.

Exercise 4.3 Verify that fourth order Lobatto IIIA can be obtained from Eq. (66) using
Hermitian shape functions and three point trapezoid rule.

Starting from this method, by shifting the mid-point evaluation towards the end of
the time step, an interesting method is obtained. It presents algorithmic dissipation
properties similar to those of the modified BDF method presented earlier, thus showing
stability properties intermediate between A- and L-stability.

Consider now a method whose Butcher matrix is

1/3 5/12 −1/12
1 3/4 1/4

3/4 1/4
(79)

This method, known as Radau IIA, is third order accurate and L-stable. It results from
the proposed procedure using 3/4 and 1/4 as weights at t = tk − 2/3h and t = tk
respectively, and interpolating using quadratic polynomials, with n1 = 0 on ẏk−1.

Exercise 4.4 Verify that third order Radau IIA can be obtained from Eq. (66) using
weights equal to 3/4 and 1/4 at t = tk − 2/3h and t = tk respectively and parabolic
polynomials with n1 = 0.

Exercise 4.5 List all names Crank-Nicolson’s rule is known as.

5 Differential-Algebraic Equations

Consider a system of purely differential equations (ODE) in fully implicit form

s (ẏ,y, t) = 0. (80)

It is said to be Differential-Algebraic (DAE) when its partial derivative with respect to
the derivative of the state is structurally singular,

det
(
s/ẏ
)
= 0. (81)

Nonetheless the problem is well-posed when the matrix pencil

P (λ) = s/ẏ + λs/y (82)
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is at most singular for a finite number of values of λ 6= 0, which correspond to the inverse
of the eigenvalues of the generalized problem (λ∗E−A)δy = 0, with E = s/ẏ, A = −s/y
and λ∗ = 1/λ.

In this case an appropriate partitioning of the state y in differential, x, and algebraic,
z, results in rewriting the problem as

f (ẋ,x, z, t) = 0 (83a)

g (x, z, t) = 0 (83b)

or, in the special case of explicitable differential part,

ẋ = f (x, z, t) (84a)

0 = g (x, z, t) . (84b)

Different types of DAE arise depending on the fact that the differential part f (ẋ,x, z, t)
can be made explicit for ẋ and that the algebraic part of the state, z, is actually present
in the algebraic part of the problem, g (x, z, t).

5.1 Singular Perturbation

Often a DAE system results from considering systems with a clear separation between
‘slow’ and ‘fast’ time scales when the dynamics of the ’fast’ portion of the problem is
neglected. The singular perturbation theory expresses this time scale separation in terms
of a scalar coefficient ǫ; consider for example the system

ẋ = f (x, z, ǫ, t) (85a)

ǫ ż = g (x, z, ǫ, t) (85b)

with 0 < ǫ ≪ 1. In many cases the identification of a suitable parameter ǫ might not be
straightforward; however, for illustrative purposes, it is assumed that all ‘fast’ dynamics
can be identified by a single value of ǫ, so that fast coefficients (e.g. ‘small’ values of m
associated to ‘large’ values of k) can be replaced by ǫ wǫ (with wǫ = m/(kǫ)).

The state x is related to the slow time scale, which typically characterizes the problem,
while z is related to the fast time scale. A problem of this type is usually called stiff (in
the sense given by Gear, which is not related to the usual stiffness of mechanical systems,
but rather to problems whose eigenvalues are close to the real axis in the left half of the
complex plane).

Consider for example a problem represented by two masses m1 e m2, connected by a
spring k2, while mass m1 is connected to the ground by a spring k1,

[
m1 0
0 m2

]{
ẍ1

ẍ2

}

+

[
k1 + k2 −k2
−k2 k2

]{
x1

x2

}

=

{
f1
f2

}

. (86)

The eigenvalues of the system are

s21,2 = −
1

2

(
k2
m2

+
k1 + k2
m1

)

±
1

2

√
(

k2
m2

+
k1 + k2
m1

)2

− 4
k1
m1

k2
m2

. (87)
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The first equation can be rewritten as

m1

k1
ẍ1 +

(

1 +
k2
k1

)

x1 −
k2
k1

x2 =
f1
k1

, (88)

where ǫ = m1/k1.
In this case, ǫ may go to zero for two reasons:

• m1 → 0: Eq. (88) degenerates into the algebraic equation
(

1 +
k2
k1

)

x1 −
k2
k1

x2 =
f1
k1

, (89)

while the eigenvalues become

s21 = ∞ s22 =

1

m2

1

k1
+

1

k2

. (90)

As one would expect, one of the eigenvalues becomes infinite, indicating extremely
fast dynamics;

• k1 → ∞: Eq. (88) degenerates into the algebraic equation

x1 = 0, (91)

while the eigenvalues become

s21 = ∞ s22 =
k2
m2

. (92)

As one would expect, one of the eigenvalues becomes infinite, indicating extremely
fast dynamics;

This implies that a problem where ǫ = 0 cannot be integrated with a conditionally
stable scheme, while when ǫ → 0, i.e. it is small but finite, the time step required by a
conditionally stable scheme is dictated by the fast dynamics, which is essentially irrelevant
for the quality of the motion ‘at large’ of mass m2.

Singular perturbation theory is used to separately discuss the dynamics of the ‘slow’
and ‘fast’ portion of the problem.

5.1.1 Slow Subsystem Dynamics

Consider first the case of limǫ→0. If function g has distinct solutions z for ǫ = 0 in
a neighborhood of x = x0, is differentiable and its partial derivative with respect to
z is not singular, one can locally compute z = ĝ(x, t) and replace it in f , obtaining
ẋ = f(x, ĝ(x, t), t) with initial conditions x0 and z computed accordingly. This means
that the problem is reduced to the minimal set of coordinates that are truly differential
and thus need to be independent. As discussed earlier, the reduction may not be easy in
many cases; it is only possible locally, so the reduction may need to be recomputed any
time the function f needs to be evaluated; often the original problem is significantly sparse,
and sparsity can be exploited efficiently to manipulate it, while the reduced problem may
become dense.
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5.1.2 Fast Subsystem Dynamics

Consider now a pseudo-time τ related to t by the relationship t = t0 + ǫ τ , such that its
differentiation consists in dt = ǫ dτ . The problem of Eqs. (85), written in pseudo-time,
becomes

ẋ =
dx

dt
=

1

ǫ

dx

dτ
= f (x, z, ǫ, t0 + ǫ τ) (93a)

ǫ ż = ǫ
dz

dt
=

dz

dτ
= g (x, z, ǫ, t0 + ǫ τ) . (93b)

Equation (93a), rewritten as

dx

dτ
= ǫ f (x, z, ǫ, t0 + ǫ τ) , (94)

yields limǫ→0 dx/dτ = 0, and thus x = x0. The limit of Eq. (93b), after writing z(t) =
z(t) + ∆z(τ), yields

d∆z

dτ
= g (x0, z+∆z, 0, t0) . (95)

As a consequence, the singular perturbation theory provides a useful means to separate
the dynamics of the slow subsystem, where a static approximation of the fast variables z
is used to describe the dynamics of the slow subsystem, from those of the fast subsystem,
whose dynamics is confined in an infinitely fast boundary layer in pseudo-time. The latter
results from the solution of Eq. (95) with initial conditions ∆z(0) = z0 + z(t0).

5.2 The Concept of Index

Starting from the DAE system in implicit form, one may want to write it in form of ODE
by successive differentiation with respect to time. Assuming that g is locally invertible,
consider its time derivative; the system becomes

ẋ = f (x, z, t) (96a)

0 = g/xẋ+ g/zż+ g/t. (96b)

Substitute ẋ into the second equation:

ẋ = f (x, z, t) (97a)

ż = −g−1
/z

(
g/xf (x, z, t) + g/t

)
. (97b)

The problem is now ODE in both sets of variables, x and z. The index of the DAE
system is the number of derivatives required to write the system in ODE form.

Note: this does not mean that reducing the system to ODE is a good approach for its
solution! On the contrary, as illustrated earlier, this is prone to drift, since only higher
order derivatives of the algebraic equations would be actually enforced, and the initial
equations would essentially be violated.
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5.2.1 Index 1 DAE

Index 1 equations are those described earlier, in the form

f (ẋ,x, z, t) = 0 (98a)

g (x, z, t) = 0. (98b)

A typical example is represented by equations whose algebraic part represents a definition
of a term that is used in the differential part; for example

u̇ = M−1v (99a)

v̇ = −r+ f
(
u,M−1v, t

)
(99b)

r = k (u) , (99c)

where the algebraic equation contains the definition of the nonlinear elastic force R.
The solution of these equations usually does not imply special issues, since the theory

for DAEs of index 1 is rather complete.

5.2.2 Index 2 DAE

Index 2 equations have the form

f (ẋ,x, z, t) = 0 (100a)

g (x, t) = 0, (100b)

i.e. the algebraic equation, g, does not directly depend on the algebraic part of the state,
z. In this case two differentiations are required to write the problem in ODE form. A
typical case is represented by non-holonomic constrains,

u̇ = M−1v (101a)

v̇ = Aλ+ f
(
u,M−1v, t

)
(101b)

0 = AM−1v − b′. (101c)

5.2.3 Index 3 DAE

There exists a type of index 3 equations, called index 3 Hessenberg, that is very important
since it describes typical mechanical systems holonomically constrained by kinematic
relationships in form of algebraic equations,

ẋ1 = f1 (x1,x2, z, t) (102a)

ẋ2 = f2 (x1,x2, t) (102b)

0 = g (x2, t) . (102c)

As one can easily note, the algebraic equation depends only on that differential portion
of the state whose equation does not contain the algebraic portion of the state itself.
As a consequence, three differentiations are required to write the problem in ODE form.
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The algebraic portion of the state plays the role of constraint reaction forces, usually
expressed using Lagrange’s multipliers. A typical mechanical example is

u̇ = M−1v (103a)

v̇ = φT
/uλ+ f

(
u,M−1v, t

)
(103b)

0 = φ (u, t) . (103c)

The solution of this type of equations implies non-negligible numerical issues. The theory
of DAEs of index higher than 1 is far from consolidated.

Exercise 5.1 What is the index of Eqs. (85) when ǫ → 0 because m1 → 0?

Exercise 5.2 What is the index of Eqs. (85) when ǫ → 0 because k1 → ∞?

5.3 Solution Strategies

The solution of DAE systems of index higher than 1 represents a challenging task.

5.3.1 Direct Integration of the DAE Problem

If the algebraic part is considered in terms of singular perturbations, the problem presents
an extremely fast time scale, compared to that of the differential part. In the limit, when
ǫ → 0, the fast time scale goes to infinity. This implies that an explicit integration scheme
cannot be used, because its Zero-stability would only be guaranteed by a null time step.
But this, besides being useless, would make the pencil of Eq. (82) structurally singular
(or, conversely, as ǫ → 0, the pencil would be ill-conditioned). A-stability is required;
according to Dahlquist’s second theorem, this requires to use implicit integration schemes.

However, A-stability may not suffice, because an A-stable scheme would integrate the
dynamics of the infinitely fast time scales with a fairly inaccurate time step (recall the
phase error plots of Figure 2 for time steps of order comparable to the time scale of the
problem).

Algorithmic dissipation is needed to cancel the spurious dynamics of the infinitely
large non-physical (and, of course, of the physical but not required because too large)
time scales. Otherwise the analysis would quickly diverge with oscillations whose period
is strictly related to 2h, as clearly illustrated in the literature. L-stable methods should
be used to exactly cancel in one time step the dynamics related to the infinitely fast time
scale of the constraints.

Nowadays the possibility to directly integrate DAEs up to index 2 with A-stable
methods, and up to index 3 with L-stable methods is accepted, at the cost of slightly
violating the derivatives of the constraints and of losing one order in the accuracy of the
constraint reactions.

5.3.2 Spectral Decomposition

One may be tempted to perform a spectral decomposition of the problem, in order to
isolate the dynamics of the problem. The theory has been formulated for index 1 DAEs,
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and could probably be extended to higher index ones [18]. Consider the (linearized)
problem

E(t)ẏ = A(t)y; (104)

using a Generalized Schur Decomposition, or QZ decomposition, the problem can be
rewritten as

Ẽ(t) ˙̃y = Ã(t)ỹ (105)

with Ẽ = QEV and Ã = QAV −QEV̇.
Matrices Ẽ and Ã are real, block-upper triangular; matrix Ẽ can be partitioned such

that one diagonal block is non-singular. This identifies the spectrum of the problem that
is differential. It can be integrated as an ODE, while the algebraic part can be recovered
separately.

This method is clearly impractical, unless Q and V can be computed analytically,
because it requires repeated very expensive QZ decompositions, and the resulting block
matrices destroy any sparsity of the problem.

5.3.3 Baumgarte’s Method

The approach proposed in 1972 by Baumgarte [19] is inspired by control theory. The
holonomic constraint equation is differentiated twice and linearly combined with its first
and second derivative. As a result, a linear combination of the constraint and of its
derivatives is enforced instead of the actual constraint,

Mẍ = f + gT
/xλ → Mẍ = f + gT

/xλ (106a)

0 = g (x, t) → 0 = g̈ (x, t) + 2αġ (x, t) + β2g (x, t) . (106b)

The problem can be conveniently manipulated to expose the second derivative of x in
the modified constraint equation,

[
M −gT

/x

−g/x 0

]{
ẍ
λ

}

=

{
f

−b′′ + 2αġ (x, t) + β2g (x, t)

}

(107)

where g̈ = g/xẍ− b′′ is used.
As already mentioned, a drawback of this approach is that it enforces a combination of

the constraint derivatives rather than the constraint itself. The problem that is integrated
has a spectrum that differs from that of the original problem: consider the linearization
of the original problem

[
M 0
0 0

]{
δẍ

δλ̈

}

+

[
−f/ẋ 0
0 0

]{
δẋ

δλ̇

}

+

[
−f/x −gT

/x

−g/x 0

]{
δx
δλ

}

=

{
0
0

}

(108)
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and that of the modified problem,
[

M 0
−g/x 0

]{
δẍ

δλ̈

}

+

[
−f/ẋ 0

−2αg/x 0

]{
δẋ

δλ̇

}

+

[
−f/x −gT

/x

−β2g/x 0

]{
δx
δλ

}

=

{
0
0

}

. (109)

The two clearly differ, and it is apparent that in the latter case the infinitely fast dy-
namics related to the constraints become finite and depend on the magnitude of α and
β; the larger β the faster the constraint dynamics, but the closer the problem becomes
to DAE (in a singular perturbations sense, ǫ = 1/β2). The different spectrum may have
a significant impact especially during very fast transients.

The advantage of this method is that it turns a DAE into an ODE by substantially
adding a homogeneous differential equation in the constraint violation, g̈+2αġ+β2g = 0;
the stability and the rapidity of asymptotic convergence to zero of the solution of this
equation can be controlled by properly choosing the coefficients α and β. Basically, β is
related to the rapidity of response (it corresponds to

√

k/m in a mechanical oscillator),

while α is related to the sovraelongation (it corresponds to r/(2m) = ξ
√

k/m in a
mechanical oscillator).

Since the resulting equation is ODE, it could be efficiently integrated with explicit
schemes; however, when β is large, the time step of a conditionally stable scheme would
be dictated by the modified constraint equation rather than the fundamental dynamics
of the problem (in fact, the larger β, the closer the modified problem is to the original
DAE).

5.3.4 Constraint Stabilization by Index Reduction

When a higher index DAE problem is written, algebraic constraint equations

g (x, t) = 0 (110)

imply compliance with a sufficiently high number of derivatives of the constraint, namely

dn

dtn
g (x, t) = 0. (111)

Consider the index 3 DAE of Eq. (102); Gear et al. in 1985 proposed to ‘stabilize’ con-
straints by explicitly enforcing the derivative of the algebraic constraint [20]. Compute
the time derivative of Eq. (102c),

0 = ġ = g/x2
ẋ2 + g/t. (112)

To be able to explicitly enforce another constraint equation, another set of multipliers,
w, is required. Replacing ẋ2 in Eq. (112) with its expression from Eq. (102b), in order
to introduce an explicit dependence on x1, the augmented DAE becomes

ẋ1 = f1 (x1,x2, z, t) (113a)

ẋ2 = f2 (x1,x2, t) + gT
/x2

w (113b)

0 = g (x2, t) (113c)

0 = g/x2
f2 (x1,x2, t) + g/t. (113d)
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Note the term gT
/x2

w in Eq. (113b); it states that the original definition of ẋ2 given

by Eq. (102b) needs to be relaxed to make the enforcement of the constraint equation
possible.

The index of the DAE reduces from 3 to 2. A further reduction to index 1 was
proposed by Führer and Leimkuhler in 1991 [21].

Consider the mechanical example of Eqs. (103); when stabilized, it becomes

u̇ = M−1v +M−1φT
/uµ (114a)

v̇ = φT
/uλ+ f

(
u,M−1v, t

)
(114b)

0 = φ (u, t) (114c)

0 = φ/uM
−1v + φ/t. (114d)

Note the new multiplier µ in Eq. (114a); that equation corresponds to the definition of
the momentum p as a function of the derivative of the coordinates u, p = Mu̇. The
definition needs to be relaxed to accommodate the new constraint equation. However,
this multiplier has a special meaning: since analytically Eq. (114c) implies Eq. (114d), the
violation of the latter can only be minimal, and dictated by numerical integration reasons
only. The more Eq. (114d) would be violated by numerical integration, if not explicitly
enforced, the larger is µ. So, in a well-behaved analysis, µ ∼= 0, and the definition of the
momentum is not modified.

Note that Gear et al. originally proposed to correct Eq. (114a) using φT
/uµ instead

of M−1φT
/uµ. Other authors suggest to add the inverse of the mass matrix because this

minimizes the correction on the kinetic energy of the problem.
It is important that not only the holonomic constraint, but at least its first derivative

are satisfied by the initial conditions of the analysis, otherwise a very stiff transient would
dominate the first part of the analysis (it is sometimes called boundary layer in the
singular perturbations jargon). In most cases, during the analysis, explicit enforcement
of the constraint suffices, as soon as the solution is regular enough.

The extension proposed by Führer and Leimkuhler [21] explicitly enforces the second-
derivative of the holonomic constraint equations, with an additional set of variables w
that represent the accelerations, and a new set of multipliers ν to account for the error
between the accelerations and the derivative of the velocities,

u̇ = M−1v +M−1φT
/uµ+M−1 d

dt

(
φ/u

)T
ν (115a)

v̇ = w + φT
/uν (115b)

w = f
(
u,M−1v, t

)
+ φT

/uλ (115c)

0 = φ (u, t) (115d)

0 = φ/uM
−1v + φ/t (115e)

0 = φ/uM
−1w +

(

φ̇
)

/u
M−1v +

(

φ̇
)

/t
(115f)

33



5.4 Initialization

A generic explicit ODE problem is defined according to Eq. (40) as

ẏ = f (y, t) y (t0) = y0. (116)

The initial conditions consist in the state y at time t0, namely y(t0) = y0. Numerical
schemes require the knowledge of the derivative of the state at time t0; this can be
explicitly computed evaluating ẏ(t0) = f(y0, t0).

When the problem is implicit, namely

f (ẏ,y, t) = 0 y (t0) = y0, (117)

the derivative of the state results from the solution of the problem

f (ẏ0,y0, t0) = 0 (118)

with respect to ẏ0, which is algebraic in ẏ0. This requires f/ẏ to be non-singular. However,
the latter condition is violated when the problem is DAE.

The initialization of an Index-3 DAE problem in Hessenberg form requires special
care. Consider directly Eqs. (103), here reported for completeness,

u̇ = M−1v (119a)

v̇ = φT
/uλ+ f

(
u,M−1v, t

)
(119b)

0 = φ (u, t) . (119c)

The initial conditions can only be defined for a subset of u, v, because of the constraints.
However, that subset may not be known in advance, or in any case it may be impractical
to restrict the specification of the initial conditions to a subset without prior knowledge of
what variables are truly independent when the constraints are expressed in the implicit
form of Eq. (103c). On the contrary, it may be practical to specify initial conditions
on the entire set of variables u, v, and address any initial constraint violation prior to
integration.

In order to enforce compliance of the initial conditions with the constraint equations
one needs to solve the problems

0 = φ (u0, t0) (120a)

0 = φ/uM
−1v0 + φ/t (120b)

to find u0, v0 starting from an initial guess u0, v0 represented by the possibly non-
compliant initial values. Methods analogous to coordinate partitioning, projection or
similar, as discussed in Section 1, can be used to ensure the determination of the most
appropriate initial values. For example, one can prove that writing a problem in the form

Ku0 + φT
/uλ

∗ = Ku0 (121a)

DM−1v0 + φT
/uµ

∗ = DM−1v0 (121b)

0 = φ (u0, t0) (121c)

0 = φ/uM
−1v0 + φ/t (121d)
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yields a minimal norm correction of the initial values, weighted by matricesK, D, starting
from the possibly incompatible initial guess u0, v0. The corresponding pseudo-multipliers
λ∗, µ∗ have no special meaning, and are discarded.

The initial value of the derivative of the differential variables u, namely u̇, can be
computed from Eq. (103a) as soon as v0 is known.

As soon as compliant initial values of the differential variables are available, initial
values of the algebraic ones are needed. This requires to consider the second derivative
of the constraint equation,

0 = φ/uM
−1
(
v̇ − v/uM

−1v
)
+
(

φ̇
)

/u
M−1v +

(

φ̇
)

/t
. (122)

After substitution of v̇ from Eq. (103b), Eq. (122) yields the multipliers

λ = −
(
φ/uM

−1φT
/u

)−1
(

φ/uM
−1
(
f − v/uM

−1v
)
+
(

φ̇
)

/u
M−1v +

(

φ̇
)

/t

)

.

(123)

At this point, the initial value of the derivative of the differential variables v, namely v̇,
can be directly computed from Eq. (103b).

6 Implementation Aspects

6.1 Nonlinear Algebraic Problem

Implicit ODE and DAE problems at some point need to be turned into an algebraic
problem. Consider a generic implicit equation of the form

f (ẏ,y, t) = 0. (124)

When a multistep scheme is used, the equation needs to be solved at a specific time t.
Consider the linearization of Eq. (124),

f + f/ẏ∆ẏ + f/y∆y = 0. (125)

From the formula of the generic multistep method of Eq. (72) one obtains

∆y = hb0∆ẏ = c∆ẏ (126)

The problem is solved by iteratively computing
(
f/ẏ + cf/y

)
∆ẏ = −f . (127)

The matrix of Eq. (127) is structurally non-singular for c > 0 except in case of physical
singularities of the problem (e.g. labilities). The state and its derivative are consistently
updated according to

ẏ(i+1) = ẏ(i) +∆ẏ (128a)

y(i+1) = y(i) + c∆ẏ (128b)
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6.2 Application of Single-Step Methods to Implicit Problems

Consider the application of a Runge-Kutta-like method to the integration of the implicit
problem of Eq. (124). The approximation of the state and of its derivative is

ẏ (ti) = Yi (129a)

y (ti) = yn−1 + h
∑

j=1,s

aijYj (129b)

Their perturbation yields

∆ẏ (ti) = ∆Yi (130a)

∆y (ti) = h
∑

j=1,s

aij∆Yj (130b)

Function f needs to be evaluated at all collocation points; for this purpose, directly
consider its linearization in the i-th point,

f + f/ẏ∆Yi + f/yh
∑

j=1,s

aij∆Yj = 0. (131)

The assembly of all linearizations leads to the iterative solution of an implicit algebraic
problem of order equal to the order of the original problem, f , times the number of
collocation points s,






f/ẏ + ha11f/y · · · ha1sf/y
...

. . .
...

has1f/y · · · f/ẏ + hassf/y












∆Y1
...

∆Ys







= −







f (tn−1 + c1h)
...

f (tn−1 + csh)







. (132)

DAE problems cannot be solved with explicit methods, because f/ẏ is singular and thus
the problem cannot be locally inverted.

An interesting case occurs when a DIRK method is used:





f/ẏ + ha11f/y · · · 0
...

. . .
...

has1f/y · · · f/ẏ + hassf/y












∆Y1
...

∆Ys







= −







f (tn−1 + c1h)
...

f (tn−1 + csh)







(133)

In this case only s subproblems of the same order of the original problem need to be
solved, related to the block-diagonal elements of the above matrix; subsequent problems
use the solution of earlier ones.

The submatrices of DIRK problems are different, and thus need to be independently
solved. When aii = d ∀i, the method is SIRK,






f/ẏ + hdf/y · · · 0
...

. . .
...

has1f/y · · · f/ẏ + hdf/y












∆Y1
...

∆Ys







= −







f (tn−1 + c1h)
...

f (tn−1 + csh)







. (134)

In principle the subproblems are identical and thus only need to be solved once. However,
matrices f/ẏ and f/y may differ at each time collocation point and, in any case, may
depend on y.

Moreover, SIRK methods usually result in reduced accuracy, compared to generic
implicit RK and DIRK methods of similar size.
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