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| Conditional probability g

Consider a random experiment defined by {Q, C, P} and
study the probabilities of two events A and C.

The conditional probability of A given C is defined as

P(ANC)
P(C)

P(A\C) =
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| Conditional probability =

P(ANC)
P(C)

Example: rolling a dice. P(A\C) =
0={1,2,3,4,5,6}
C= all subsets of O

Consider
A={1,2,3,5} and C={2,4,6}.

Clearly P(A)=4/6=2/3 and P(C)=3/6=1/2.
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| Conditional probability :

ANC= {2}, so P(ANC)=1/6. pAaC) =2 <PA( g )C )
Therefore
P(A\C)=1/3.
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| Conditional probability =

If now we fix C and consider the function

P(-\C)
defined in C and taking values in [0,1], we have defined the
probability of any event in C given event C.

It has to be checked that this function is a well-defined
probability function, i.e., it satisfies the properties defined
earlier on.

Marco Lovera - I POLITECNICO DI MILANO



| Conditional probability g

P is a function mapping C to the [0, 1] interval, satisfying:

P(Q2NnC) P(C)

r(c)  pC) '

. P(Q)=1:P(Q\C) =

* IfforN<ooevents A, A, ..., Ay € C, and

then P(U A;) = ZP(Az')

The second property holds as we have the following.
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| Conditional probability —

PU;AinC) _ PUi(ANC)) _

P(LiJAi\C) = pO) P(O)
_ i P(A;NC)) |
= P(O) = %:P(Az\c)
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| Constrained random experiment =
||

We can now consider a constrained random experiment
defined by

{Q, C, P(-\C)}

as a random experiment constrained to the event C.
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| Partition of QQ g

A partition of Q2 is defined as a set

N={C{,Co,...,Cn}, C,CQ

with the following properties:
* The sets C, are all disjoint

.+ UC=0Q.
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| Total probability theorem =

Given a random experiment and a partition 17 such that

MmccC

P(C;) #0

and

then we have
P(A) =) P(A\Cy)P(C;) VAeC
i
Proof: A can be written as
A=ANQ =AnY;C;) = U;,(An C;)
so in terms of probabilities
P(A) = P(U;(ANGC;)) = Z P(ANC;) => P(A\C)P(Cy)
orcoLovers [N




| Bayes Theorem .

For two events A and B € C with P(A), P(B) = 0 it holds
that

P(B\A)P(A)
P(B)

P(A\B) =

Proof: multiply both sides by P(B) to get P(A N B) on both
sides of the equation.
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| Extension of Bayes Theorem .

et

M= 1{A. A A C
lﬂlﬂ 41 ) -

1M

~ 1 A .
9 29 niy, <19

a partition of Q2 and consider an event B € C.

Then

P(B\A;)P(A;)

P(A;\B) = S, P(B\A;))P(4;)

Usual nomenclature:

* P(A): a priori probability

* P(A\B): a posteriori probability
with respect to the conditioning to B.
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| Independent events g
||

Two events A and B € C are called independent if and only
if

P(ANB) = P(A)P(B)

Clearly for independent events we have, in terms of
conditional probabilities

P(A\B) = P(A)

P(B\A) = P(B)
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| Conditioning, distributions and densities g

The above ideas can lead to the definition of conditional
distributions and conditional densities, as follows.

Consider a random experiment and a random variable v
defined on it.

Then pick an event C € C: P(C) = 0.

Then the distribution function for v conditional to C is defined
as the distribution function for the constrained experiment.
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| Conditional distribution function :
||

Consider the random experiment {Q2, C, P(-\C)} and random
variable v, then the conditional distribution is

P(v<g,s€C)
P(C)

F(q\C) = . Vg eR

where we can write equivalently

P(v<gq,s€C) = P(¢ ' ([~00,q]) N C)
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| Conditional probability density function g

A conditional probability density function for a given
conditional distribution can be defined as

dF(g\C)
dq

f(g\C) =
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| Total probability theorem (for distributions) ]

Consider a partition

such that P(C;) #0 V I.

Then _
F(g) =Y F(¢\C)P(C), VqeR
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| More on conditional distributions .
||

If the conditioning event is given by

C=¢ *([-o0,7]), reR

then by definition

Pv<quv<r) Pw<qv<r)
Pv<r) F(r)

F(q\C) =

But clearly P(v < g,v < r) = P(v < min(g,r)) SO

F(q)
F(q\C) = {F(r) g
1 g>r
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wgm .y m [ | .
| More on conditional densities
||

As a consequence, if

F(q)

F(q\C) = {F(r) g
1l g>r

then in terms of densities we have

C) = = { F(r)
f(q\C) ” 0 >

dF(q\C) _ {ﬂﬂl g<r

or equivalently

AF(\C) _ {f?‘ ey as<r
dq >~

f(g\C) = =
O g>r
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| More on conditional distributions and densities

For a generic conditioning event E we have the conditional
density

f(q)
f(@Q\E) = {fEf(fg;)dw q¢ E
0O g€E

and the corresponding distribution

F(q\v € E) = / qoo F(r\v € E)dr.
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| Conditional expectation .
||

Given a real random variable v and the conditional density
function f(q\C) the conditional expectation of v given C is
defined as

+o00
El\CT = [ af(a\C)da.

— OO

Furthermore, if C is defined on v, we have

+o0
Blo\ve E] = [~ af(q\v € E)dg = | af(q\v € B)dq =

— 00

_ Jeaf(9)dg
e f(a)dg
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| Vector conditional distribution :
||

Consider the random experiment {Q, C, P(-\C)} and a vector
random variable v, then the conditional distribution is

P(’U]_ SQ17"'7Un§qn7S€C)
P(C) ’

F(g\C) = Vq € R™

where we can write equivalently

P(U1§q1,---,’vnSQn,3€C):
:P(Qb_l(vl < q1,---,Un SQn)mC)
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| Vector conditional density )
||

Similarly, for the conditional density function we get

aF(Qla <o 7qn\C)

f(qlaaqn\c) —

and if the event C is defined on v as v € E we get

f(‘ﬂaaCIn)
flq1, ..., \C) = { Je flar,-an)day,....dan ¢ ¢ E
O qekF

Marco Lovera - I POLITECNICO DI MILANO



| Vector conditional density: a particular case g

What if the conditioning event corresponds to a line?

We get a conditional density given by (n=2 case)

f(q1,492)
f(a2)

flg1\v2 = q2) =
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| Total probability and Bayes Theorems .

At the level of vector conditional densities they can be stated
as

+o0
flq1) = / . f(q1\q2) f(g2)dg>

coovy — J(a2\g1) f(q1)
J\L1L\Y2Z) f(qQ)
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| Bayesian estimation =
||

The basic estimation problem can be formulated as follows.

« \We have two random variables 6 and d:
- dis the observed variable
- 6 is the unknown we want to estimate.

« The value of the two variables is defined by a joint random
experiment,

 We want to estimate the value of 6 given a sample x of d.

« To solve the problem we need prior knowledge about the joint
probability density function of the two variables, which will be
defined in the following.
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| Bayesian estimation =
||

We define an estimator for 6 as a function h(d).

Our problem is to find the estimator h°(d) such that
E[(0 — h°(d))?] < El(0 — h(d))?],  VA(.).

The solution to the problem is given by the following

Theorem: function n°(.) is given by

hot 4\ — FIH\ 4 — 1
nN\a) = yjv\a = xj.
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| Bayesian estimation =
||

Proof.

Let E[(6 — h(d))?] = E[g(d,#)] and denote the joint probability
density function of 6 and d as

f(a1,q2).

Then E[g(d,0)] can be written explicitly as

Blg(d,0] = [ [ g(a1,42) f (a1, ) darda;

where
* q,is the running variable for d
* Q, is the running variable for 6.
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Bayesian estimation

Recall now that

flas a~) — Fla~\a< Y F( )
J\YLyY2) — J\Y2\Y1/)J \Y1lJ

therefore substituting we have

Elg(d,0)] = //Q(Q1aQQ>f(Q1>QQ>dC]1dC]Q =
= [ [lotar, 22) 1 (a2\a1)da2] (g1)das.

The inner integral is the conditional expectation of g(d,0)
given d, so

\ 71 r
)a0» — [, 14
Vit 4 LJ

1

a.
Y

7~

R
\—/
———

\ 7
\Nd = (1
\ 11

which in turn can be computed explicitly.
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| Bayesian estimation =
||

Recall now that

Elg(d,0)\d = q1] = E[(8 — h(d))*\d = q1]

Expanding the square, E[(6 — h(d))?\d = ¢q1] becomes

E[6°\d = q1] + E[-20h(d)\d = q1] + E[h(d)*\d = q1]

and recalling that
Elf(w)\w = z] = f(2)

we get

E[(6 — h(d))?\d = q1] = E[0°\d = q1] — 2h(q1) E[0\d = q1] + h(q1)>.
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| Bayesian estimation =
||

Finally, completing the square we get

2 2

\ L (

O\ 7 — ~.1 -\ \
(V\& — gq1] 7T 1'\41)

2\ AL ( yn L Mo\ J — .1
L V\G — (1]

E[0°\d = q1] — 2h(q1)E
and
E[(6 — h(d))?\d = ¢1] = (E[6\d = ¢1] — h(q1))? + terms indep. from h.
So our performance criterion becomes
BI(6 — h(@)?) = [(BI\d = 1] = h(a1))2S (a1)dar + ...
which is clearly minimised by

ho(d) = E[6\d = z].
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. . . . N
| Bayesian estimation: the scalar Gaussian case

Consider now the particular case in which 6 and d are scalar
and jointly Gaussian:

o

The conditional density of 6 given d is given by

Add Ad@] ).
Aod Moo

_ f(d,6)
where L2
f(d) = cre 27ad

1
A A d
“1ld 0 dd do
f(d,0) = coe 2[ ] [>\9d )‘99] !0]
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Bayesian estimation: the scalar Gaussian case

The inverse of the covariance is given by

_1
[Add Ad@] _ 1 [Aee —>\d9]
Aod Moo —Ngd  Add

 Adddog — Moy

or equivalently

~1 Ao _Adp
[)‘dd Ad@] _ 1 { M /\dd]
0d

Aod 66 A2 | —20d 1
Add
)\2
Where (>‘d9 p— >‘9d ) )\2 — )\09 _ ﬂ
Add
We also have .
A
_1d2 _ 1 d2)2 — L (300 _Z0dy g2
f(d) = Cje€e 2Xdd = cie 2X2 Add — cile 2X\2 Add Agd
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. . . . L
| Bayesian estimation: the scalar Gaussian case

Substituting in the joint density we get

" 1 (20042 5 AZ;ledJre?)

f(d,0) = coe L] = cpe 202 Add

The conditional density of 6 given d is given by

1 Mg2 520d 2 Nogp a2
__(y‘?d/—Q—Od-{—H —7d/+—d )
F(O\d) = f(d,0) — cae 222 Md Add Ad Agd

f(d)
>‘9dd)2

1
F(O\D) = cze 22 g

which is a Gaussian:

F(O\d) ~ ( d 2?2).
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. . . . N
| Bayesian estimation: the scalar Gaussian case

Therefore the Bayesian estimator for @ is given by

_ A
)= E[o\d] = )\—Zjd.

It is easy to verify that Var[d — 6] = A?:

_ A
Var[d — 0] = Var[2%q — 9] =

Add
7 Aod
= —5*Var[d] 4 Var[f] — 2 —E[0d] =
>‘dd >‘dd
22 MNog
= )\—gdAdd T Mg = 27" Aga = A2,
dd dd
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. . . . N
| Bayesian estimation: the scalar Gaussian case

In Bayesian estimation we use a priori knowledge to model the
unknown and the measured variable, so we can distiguish
between

« The a priori estimate, which we could make based on the prior
knowledge alone. In our case:

6 = E[@] = 0, Var[é— 9] = Mgy

* The a posteriori estimate, which we can make exploting also
the measurement of d. In our case:

oy A Iy
)= E[o\d] = )\—Hdd, Var[d — 0] = A2

dd
>
« Note that by construction A2 = Mgy — )\—ed < g
dd
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. . . . N
| Bayesian estimation: the scalar Gaussian case

Note further that
A = 20

so if the measurement is poorly informative then the a
posteriori estimate converges to the a priori one.

Finally, the variance can be written in terms of the correlation
coefficient between 6 and d.

A2 Nod
A= Ngg— L= Ngp(1 = p%), p= -
Add vV A9eAdd
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| Bayesian estimation: the scalar Gaussian case

It is interesting to look at the extreme cases:

If p=0 then A2 = \gy(1 — p?) = Mgy SO d does not provide
any information on 6.

If p==41then A% = M\gy(1 — p?) = 0 so measuring d is
equivalent to measuring 6.
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Example: high positive correlation

0
raﬂ ro-l rl 0.91
R

4
o |
° 0
oL
-4

70 80 90 100

70 80 90 100
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Example: high positive correlation

0 10 20 30 40 50 60 70 80 90 100

2 T
----------------------------------------------------- 6—6
1 1 R +3)
7777777 —3A
0 VAV w
LN O N IS IR N N R R I
-2

Marco Lovera - I POLITECNICO DI MILANO



Example: moderate positive correlation

[ 1 N |
U.J

i ol T 1
{9 %G({OJ’{OE p |

0 10 20 30 40 50 60 70 80 90 100

0 10 20 30 40 50 60 70 80 90 100
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- | Example: moderate positive correlation ]
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Example: negative correlation

60 70 80 90 100

60 70 80 90 100
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Example: negative correlation

d o] [ 1 -o07
o =oe] [or 7

100
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. . . . N
| Bayesian estimation: the scalar Gaussian case

If @ and d have known non-zero mean, then it is sufficient to
define

and apply Bayes rule to the new variables
- - Ao ~ ~
) = E[f\d] = )\—Odd, Var[d — 0] = N2

dd
to finally get

_ A
0 = O + 22%(d — dpm).
Add
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| Bayesian estimation: the vector Gaussian case

Consider now the more general case in which 6 and d are
vectors and jointly Gaussian:

d
0

dm
Om

Noa Noo

]zG(

[/\dd Ndp

One can follow the same derivation to get

0 = Om + NggN;j (d — dm)

Var[§ — 9] = /\99 — /\gd/\gdl/\d(g

and
Var[f — 6] = Ngg — NgalNzi Nag < Moo

Marco Lovera - I POLITECNICO DI MILANO




. . . . N
| Recursive Bayesian estimation
||

In view of the application to real-time prediction and filtering
we have to study the recursive problem, i.e., how to update
the estimate when new measurements of d arrive.

Consider the setting

0 ] 0] | Ao Agd(1) Agd(2) _
d(1)| = G(|0], [Aa(1)e Ad(1)d(1) Ad(1)d(2)]|)
d(2)) 0] | Ad26 Aa)d1) Ad2)d2)

and:
« Compute a first estimate of 6 given only d(1)
» Update it using the information provided by d(2).
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. . . . N
| Recursive Bayesian estimation
||

At time 1 we get

A A
E[0\d(1)] = D) _3(1),  var[d — 6] = A2
d(1)d(1)

While at time 2, having two samples of d we have

E[0\d(1),d(2)] = /\Gd/\c?dl [Zzlg] -

Ad(1)d(1) >‘d(1)d(2)]—1 [d(l)] |

— |\ A
[ 0d(1) Hd(Q)] |:)\d(2)d(1) )\d(Q)d(Q) d(2)

We can now expand this expression to relate the two
estimates.
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. . . . N
| Recursive Bayesian estimation
||

Computing the inverse we get

1
Ad(1)d(1)N

E[0\d(1),d(2)] = Ad(2)d(2) —Ad<2>d<1>] [d(l)]

Noa1) A
Moy Moa2) [_)‘d(l)d(Q) Aaya(ny | [4(2)

where 5
2 AU(1)d(2)
—od(2)d(2) Ty
Ad(1)d(1)

Expanding the products we get

1 A d(1l) — A d(2)
A A d(2)d(2) d(2)d(1)
Ad(l)d(l))‘Q [ 6a(1) 0d(2)] [_Ad(l)d(Q)d(l) + Ad(l)d(l)d(Q)

E[0\d(1),d(2)] =
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Recursive Bayesian estimation

||
1
E[9\d(1),d(2)] = (= Aga(1)> 4 Apon A Yd(2) 4
Ad(l)d(l))\z 0d(1)*d(2)d(1) 0d(2)Nd(1)d(1)
1
+ ()\ A — A \ )d(l)
Ad(l)d(l))\Q 0d(1)"\d(2)d(2) 0d(2)Nd(1)d(2)
E[0\d(1),d(2)] = 2(>\9d(2) )‘Hd(l)Ad(Q)d(l))d(Q)‘F
d(1)d(1)

1 Agd(1)

+ Aprc 13 A — Ap (A Yd(1) + d(1)
Ad(l)d(l))‘Q 0d(1)Md(2)d(2) 0d(2)Md(1)d(2) Ad(l)d(l)
E[0\d(1),d(2)] = wd(z) MNi(1)5 M@ ) 4
Ad(1)d(1)
1 Agd(1) |2 Agd(1)
+ CYIe) — Ao\ A2)d(1) + —2%2)_g(1)
PRGE. 0d(1)Ad(2)d(2) — Md(2)Nd(1)d(2) ~ (D) (D)
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Recursive Bayesian estimation

1 A
EI0\d(1), d(2)] = 15 (gac2) - Aedm%ww

1 Aod(1) 2 Agd(1)
+ YIS — Mgy A _ A2)d(1) 4+ 290 401
(D12 0d(1) M d(2)d(2) ~ Md(2)Md(1)d(2) M(1)(1) M(1)(1)

A 1 A
E[0\d(1),d(2)] = A(’&du) + 5 (aa2) = Maca) d(2)d1)y 3(2)+

d(1)d(1) Ad(1)d(1)
1 Ag(1)d(2) Ad(1)d(2)
R S GO VPN ) )d(1)
hawaay 0 Naayaa)

A 1 A A
BI\d(1), d(2)] = T —d(1) + 5 (pagz) = M)y o) (d(2) = THREE (1)),
d(1)d(1) d(1)d(1) d(1)d(1)
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. . . . N
| Recursive Bayesian estimation
||

The quantity

e = d(2) — DR 41y = 42y~ BLA2)\d(D)]
Ad(1)d(1)

Is called the innovation of d(2) with respect to d(1).

It is defined as the difference between d(2) and its estimate
based on d(1).

In terms of the innovation
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. . . . N
| Recursive Bayesian estimation
||

Properties of the innovation:

 EXxpected value: Ele] =0

i A
* Variance: Ae = Varle] = E[¢?] = E[(d(2) — ~2142) j(1))2) = . = 52
Ad(1)d(1)
A A
o Mo = Elbe] = E[0d(2)] - “MBIR poa(1)] = Ay — SLBA2) N
Ad(1)d(1) Ad(1)d(1)
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. . . . N
| Recursive Bayesian estimation
||

Reformulate the problem considering d(1) and e as data:

BIO\A(L), el = [Ma1) Moe] [/\d(l(%d(l) O] [d(l)} _

Aee €
_ Agd(1) (1) + %e _
Ad(1)d(1) Ace
= E[0\d(1)] + E[0\e].

This conclusion is not surprising, as from the definition of e
we get

d(2) = E[d(2)\d(1)] +e.
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Recursive Bayesian estimation: vector case

Consider the setting

0 0 Ngo Nod(1) Nod(2)
/]{1 \ a4 f:'{ n /\ 2/ 2 \ A /\ 2/ 2\ 17 a \ A IV RS T2 \
a\l)| =GV, (Mg Nd)d) Nd)de) ()
d(2)] 0] [Aa@)e Na@yar) Na2)d(2)

then the estimate of O is given by

0 = E[0\d(1),d(2)] = /\(,d(l)/\;(ll)d(l)d(1) + AgAle.
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