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Abstract. This paper discusses the use of multibody dynamics, augmented by the direct im-
plementation of nonlinear finite element beams and significantly shells, to perform the coupled
structural and fluid-dynamics analysis of flapping wing Micro-Aerial Vehicles. The implemen-
tation of the shell formulation in a free general-purpose multibody solver is described and
validated. The solver, coupled to a free-wake aerodynamic model based on vortex-lattice, is
applied to the analysis of a very flexible MAV flapping wing. Encouraging results have been
obtained, which illustrate how the structural model should be able to capture the physics of the
problem when coupled with more sophisticated aerodynamic models.

1

pierangelo.masarati@polimi.it
marco.morandini@polimi.it
giuseppe.quaranta@polimi.it
riccardo.vescovini@mail.polimi.it
http://www.aero.polimi.it/


Pierangelo Masarati, Marco Morandini, Giuseppe Quaranta and Riccardo Vescovini

1 INTRODUCTION

Micro-Aerial Vehicles (MAV) capable of hovering and forward flight represent an interest-
ing means to provide reconnaissance and surveillance capabilities in dangerous environments,
for both military and civil tasks. Foreseen applications consist in inspecting dangerous envi-
ronments, including urban battlefields, caves, mines, and hazardous places like chemical plants
during emergency operations.

The problem presents many issues from the analysis point of view. The aerodynamic flow
field is characterized by very low Mach and Reynolds numbers; however, the problem appears
to be dominated by the significant unsteadiness of the flow rather than by viscosity itself, with
separations occurring at both the trailing and the leading edge of the wings. The resulting
vortical structures remain in the vicinity of the wing, especially in hover or at very low speed.

The problem has been analyzed from different points of view:aerodynamics [1–6], aeroe-
lasticity [7,8], kinematics and structural dynamics [9–12], systemics [13,14], testing [15,16].

The capability to analyze the problem is important because direct prototyping, although not
extremely expensive, can be significantly time consuming and error prone. The problem re-
quires the capability to address structural dynamics with significant geometrical nonlinearity,
mechanism modeling capability to take into account the actual flapping and pitch mechanism,
and consistent fluid-structure coupling. Multibody SystemDynamics (MSD) represents an ideal
modeling environment to address this type of problems, since it allows to directly consider so-
phisticate structural dynamics and mechanism modeling. Atthe same time, the analysis can
be consistently coupled to external solvers for the Computational Fluid Dynamics (CFD) part
of the problem. The free general-purpose multibody solver MBDyn is used as the core of the
coupled simulation.

Membrane-based insect-like MAV have been proposed for example in [17]. This work
presents the implementation of a consistent geometricallynonlinear four-node shell element
that is used, in conjunction to an already available nonlinear beam element [18], to model a
flapping wing model manufactured and tested by Malhanet al. [16] within the MAST/CTA
project sponsored by the US Army. A consistent meshless approach is used to model Fluid-
Structure Interaction (FSI). It is based on Moving Least Squares (MLS) using Radial Basis
Functions (RBF) and represents a very efficient and reliable way to couple a multifield analy-
sis with possibly incompatible interface boundaries. In this work free wake analysis, modeled
using a vortex-lattice formulation, is coupled to the detailed structural analysis. The essentially
inviscid fluid dynamics model is not expected to give an accurate prediction of airloads. How-
ever, it is considered sufficient to validate the soundness of the structural model, in view of its
subsequent coupling with more sophisticate CFD analysis.

The use of shell elements either in Finite Element (FE) or in MSD analysis to model flapping
wing MAV has been recently proposed, for example, by Chandar and Damodaran [19] and
Chimakurthiet al. [20]. The novelty of the approach used in this work is relatedto the use of
a truly nonlinear shell model, as opposed to the co-rotational one of [20], and to the use of a
consistent mapping of the interaction between the structural and the CFD analysis.

2 STRUCTURAL MODEL

A four nodeC0 shell element has been implemented to allow the modeling of arbitrary 2-
D structural elements. It is derived from the elements proposed by Witkowski [21], based on
a combination of the Enhanced Assumed Strain (EAS) and Assumed Natural Strain (ANS)
formulations.
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2.1 4-Node Shell Element Formulation

Let y be the position of the shell reference surface, and define a local orthogonal coordinate
system on the undeformed shell surface. LetT also be a local orthonormal triad defined on the
surface. Two Biot-like linear deformation vectors can be computed by comparing the deformed
and undeformed back-rotated derivatives of the position, i.e.

ǫ̃k = T Ty/k − T T
0
y0/k (1)

wherey/k is the partial derivative with respect to the arc length coordinatek (k = 1, 2); the
subscript(·)0 identifies the undeformed configuration. Vectorsǫ̃k are work-conjugated with the
force per unit length vectorsnk. The Biot-like angular deformation is defined as

k̃k = T Tkk − T T
0
k0k, (2)

wherekk is the vector characterizing the spatial derivative of tensorT , with respect to arc length
coordinatek, i.e.

kk× = T/kT
T . (3)

The angular strain vectors are work-conjugated with the internal couple per unit length vectors
mk. The straining of the shell is thus completely defined by the vector

ǫ =
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ǫ̃2
k̃1

k̃2















, (4)

which is work-conjugated to

σ =
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n2

m1

m2















. (5)

The virtual internal work is thus equal to

δLi =

ˆ

A

δǫTσdA (6)

The proposed formulation departs from Witkowski’s one [21]and from the earlier work of
Chró́scielewski and Witkowski [22] in the treatment of the rotation field. The orientation field
T is interpolated resorting to a co-rotational framework, just like in the above cited works. In
this work, however, the angular strain vectorsk̃k are computed from their definition Eq. (2), and
not from the back-rotated gradient of the rotation tensorΦ = TT T

0
. Furthermore, the direct use

of Eqs. (1, 2) and of their work-conjugated forces per unit length nullifies the need to resort to
co-rotational derivatives in the definition of the strain vectors. The linearization of the ensuing
virtual internal work differs as well, as the above cited works seems to miss a term related to
the second variation of the angular strain vectors∂δk̃k.

The interpolation of the orientation field is performed after defining in the reference config-
uration a triad of unit orthogonal vectorstn1, tn2, tn3 for each noden, with tn1 andtn2 tangent
to the shell surface andtn3 = tn1×tn2. LetRn be the orientation tensor of the node, and define
the local shell orientation as

Tn = RnR
T
0n[tn1, tn2, tn3], (7)
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whereR0n is the nodal orientation in the reference configuration. Theaverage orientationT
of the shell is then computed asT = exp(log(1/N

∑

n=1,N Tn)), whereN is the number of
nodes, log() extracts a skew symmetric tensor, saya×, and exp(a×) computes the rotation ten-
sor defined by the rotation vectora. Standard bilinear interpolation shape functionsNn(ξ) are
then defined for each noden and used to interpolate the relative rotation vectors that define the
relative nodal rotations̃Rn = T

T
Tn, i.e. ϕ̃(ξ)× = log(R̃) =

∑

n=1,N Nn(ξ)log(T
T
Tn); the

interpolated orientation can finally be recovered asTi = Texp(ϕ̃i×). Computing the virtual
internal work Eq. (6) and its linearization involves computing the first (δ) and second (∂δ) vari-
ations of the linear and angular deformation vectors Eqs. (1, 2). These, in turn, require explicit
expressions for the interpolated virtual rotation vectorϕiδ, defined byϕiδ× = δTiT

T
i ; recall

that the virtual rotation vectorϕδ can be computed from the virtual variation of the rotation
vector asϕδ = Γ(ϕ)δϕ, with Γ(ϕ) a second order tensor. The interpolated virtual rotation
vector is

ϕiδ =
∑

n=1,N

ΦinNinϕnδ (8)

with
Φin = T Γ̃iΓ̃

−1

n T
T
. (9)

The first variation of the linear strain is then

δ
(

T T
i yi/k

)

= T T
i

(

yi/k ×ϕiδ + δyi/k

)

, (10)

with the second variation equal to

∂δ
(

T T
i yi/k

)

= T T
i

((

yi/k ×ϕiδ + δyi/k

)

×ϕi∂ −ϕiδ × ∂yi/k + yi/k × ∂ϕiδ

)

. (11)

The back-rotated curvature follows

T T
i kik = Γ̃

T
i

∑

n=1,N

Nin/kϕ̃n, (12)

with its first

δ
(

T T
i kik

)

= T T
i kik ×ϕiδ + T T

i δkik

FIXME: check = T T
i ϕiδ/k

FIXME: check = T T
i

∑

n=1,N

(

Φin/kNin +ΦinNin/k

)

ϕnδ (13)

(thanks to the fact that according to Schwartz’s theoremδ(Ti/k) = (δTi)/k) and second variation

∂δ
(

T T
i kik

)

= ∂
(

T T
i kik ×ϕiδ + T T

i δkik

)

(14a)

= −T T
i ϕi∂ × kik ×ϕiδ + T T

i ∂kik ×ϕiδ + T T
i ∂δkik (14b)

FIXME: check = ∂
(

T T
i ϕiδ/k

)

= T T
i

(

ϕiδ/k ×ϕi∂ + ∂ϕiδ/k

)

(14c)

FIXME: check = T T
i

((

∑

n=1,N

(

Φin/kNin +ΦinNin/k

)

ϕnδ

)

×

∑

n=1,N

ΦinNinϕn∂

+
∑

n=1,N

(

∂Φin/kNin + ∂ΦinNin/k

)

ϕnδ FIXME?

)

. (14d)
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It is worth noticing that the last term of Eq. (14b), whose explicit expression turns out to be
rather complex, seems to be missing from Chróścielewski and Witkowski’s works. Explicit
formulæ for the derivatives of the rotation tensor up to the third order, required in order to
consistently linearize the approximated deformation field, can be found in Merlini and Moran-
dini [23].

2.2 Constitutive Properties

The constitutive law of the shell must be computed beforehand; it relates the generalized
stress vector Eq. (5) as a function of the generalized deformation vector Eq. (4). As an example,
the constitutive law of an isotropic flat plate is
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(15)

with

D =









































C 0 0 0 Cν 0 0 0 0 0 0 0
0 2Gh 0 0 0 0 0 0 0 0 0 0
0 0 αGh 0 0 0 0 0 0 0 0 0
0 0 0 2Gh 0 0 0 0 0 0 0 0
Cν 0 0 0 C 0 0 0 0 0 0 0
0 0 0 0 0 αGh 0 0 0 0 0 0
0 0 0 0 0 0 2F 0 0 0 0 0
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0 0 0 0 0 0 0 −Dν 0 D 0 0
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0 0 0 0 0 0 0 0 0 0 0 βF









































, (16)

C = E/(1 − ν2)h, D = Ch2/12, F = Gh3/12, E Young’s modulus,ν Poisson’s coefficient,
G = E/(2(1 + ν)) the shear modulus, andh the shell thickness; the coefficientsα andβ are
the shear and moment factors. The constitutive law for laminated plates can be easily estimated
using the Classical Lamination Theory (CLT), but is better computed using appropriate formu-
lations, as the one described in Masarati and Ghiringhelli [24], which take into account the
effects of natural and kinematic inter-laminar boundary conditions on the stiffness of the shell.

2.3 Static Analysis Verification

The soundness of the proposed implementation is illustrated by the capability to comply,
within the desired accuracy, with well-known static benchmarks that require the shell model to
undergo significantly large deformations.

2.3.1 Cantilever subjected to end shear force

This test case is illustrated in Section 3.1 of [25]. It consists of a cantilever subjected to a
shear force at the free end directed along the thickness whenundeformed. The direction of the
force remains constant while the load increases to the limitvalue. Figure 1(b) compares the
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components of the tip node displacement for the 16×1 mesh with those reported in [25]. The
8×1 mesh essentially yields the same result.
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(b) Tip node displacement components

Figure 1: Cantilever subjected to end shear force (Example 3.1 from [25])

2.3.2 Slit annular plate subjected to lifting line force

Example 3.3 of [25], illustrated in Fig. 2(a), consists in a vertical axis slit annular plate,
clamped at one side of the slit and subjected to a vertical line force. Figure 2(b) compares the
vertical displacement of the two end points of the free slit side for the 10×80 mesh with those
reported in [25]. The much coarser 6×30 mesh yields slightly different results.
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Figure 2: Slit annular plate subjected to lifting line force(Example 3.3 from [25])
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2.3.3 Pullout of an open-ended cylindrical shell

Example 3.5 of [25], illustrated in Fig. 3(a), consists in anopen-ended cylindrical shell
subjected to pullout forces at two points along a diameter atmid-height. Thanks to symmetry,
only one-eight of the problem is modeled. Figure 3(b) compares three noteworthy displacement
components for the 16×14 and 24×36 meshes with those reported in [25]. The two meshes
yield nearly identical results.
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Figure 3: Pullout of an open-ended cylindrical shell (Example 3.5 from [25])

2.3.4 Pinched cylindrical shell mounted over rigid diaphragms

Example 3.6 of [25], illustrated in Fig. 4(a), consists in a cylindrical shell with end di-
aphragms that prevent radial displacement subjected to radial compression forces at two points
along a diameter at mid-height. Thanks to symmetry, only one-eight of the problem is modeled.
Figure 4(b) compares two noteworthy displacement components for the 40×40 and 48×48
meshes with those reported in [25] for the isotropic material case. The two meshes yield nearly
identical results as soon as the analysis converged, namelyshortly after a snap-through. Fig-
ure 4(c) plots the same data when the displacement of the loaded point is imposed.

2.4 Dynamic Analysis Verification

2.4.1 Eigenanalysis of cantilever

The problem of Section 2.3.1 (3.1 of [25]) is modified by considering its dynamics when the
uniform density of the cantilever is set toρ = 3.13142× 10−4 to set the first bending frequency
to 10 Hz, according to

ρ =

(

k

L

)4
EJ

ω2

0
A
, (17)
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(c) Same as Figure 4(b), imposed displacement

Figure 4: Pinched cylindrical shell mounted over rigid diaphragms (Example 3.6 from [25])

with k ∼= 1.8751.
The inertia of the problem is modeled using rigid bodies lumped at each node, with the

center of mass appropriately offset. The transient resulting from a transverse perturbation of the
system is analyzed using the Proper Orthogonal Decomposition (POD) as illustrated in [26].
This allows to assess the correctness of the residual in the multibody implementation of the
shell element.

The analysis, with a time step of 0.001 s corresponding to 100steps per period to guarantee
accurate integration, yields 10.0315 Hz for the first bending frequency. The direct eigenanalysis
is subsequently performed using the procedure illustratedin [27]. This allows to assess the
correctness of the linearization of the problem; it yields 10.0355 Hz. The two results are fairly
consistent; the error in both cases is about 0.3%.
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2.4.2 Cantilevered rectangular plate in single degree-of-freedom flap rotation

This example is presented as Case 4 in [20]. It consists in a rectangular beam-like model
of 80 mm span, 27 mm chord, and 0.2 mm thickness ( [20] erroneously reports 2 mm), made
of Aluminum alloy with Young’s modulus 70 GPa, Poisson’s modulus 0.3, and density 2700
kg/m3, clamped at one corner on a 5 by 5 mm square. Flapping is enforced about an axis directed
along the root chord, by prescribing the motion of the clamped portion as a flap oscillation about
the chordwise root axis according to the functionβ(t) = A(1 − cos(2πft)), with A = 17 deg
andf = 5 and 30 Hz. The model consists of a 32×9 shells mesh, consisting of 288 elements and
330 nodes; in [20], 512 three-node elements were used, so themesh refinement is comparable.
The vertical component of the displacement of the tip node, normalized with respect to the span,
is compared with results presented in [20] in Fig. 5.
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Figure 5: Cantilevered rectangular plate in single degree-of-freedom flap rotation (Case 4 from [20])

Figure 6: Cantilevered rectangular plate in single degree-of-freedom flap rotation (Case 4 from [20]): sketch of
motion with 30 Hz excitation.

The results obtained with the co-rotational shell formulation proposed in that work, called
UM/NLAMS, were originally compared with similar results obtained using the commercial
solver MSC.Marc. Figure 5(a) refers to a 5 Hz oscillation; themotion is essentially rigid and
the two solutions basically overlap. Figure 5(b) refers to a30 Hz oscillation; the motion quickly
becomes nearly chaotic. The wing bends and twists substantially, rolling up almost entirely,
as sketched in Fig. 6. When analyzed with slightly different meshes, the 5 Hz case yields
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(a) Sketch (b) Actual artifact (from [16])

Figure 7: Flexible wing.

substantially identical results, while the 30 Hz case showsan appreciably different behavior.
The dependence of the results on the mesh seems to confirm the nearly chaotic nature of the
response.

3 FLAPPING WING

The development of the proposed shell element within the multibody environment provided
by MBDyn is motivated by the need to analyze the fluid-structure coupling problem defined
by the very flexible family of wings under development at the University of Maryland within
the MAST/CTA program. As a preliminary example, the flapping wing MAV experimentally
investigated in [16], illustrated in Fig. 7, is considered.

3.1 Structural Model

The structural model consists of a frame of beam elements connected by a membrane made
of shell elements. The length of the spar is 123.44 mm (4.86 in) and the diameter of the circular
section is 1.5 mm. The length of the chordwise ribs is 76.20 mm(3 in); their section is rectan-
gular, 2.54 mm (0.1 in) thick and 5.08 mm (0.2 in) wide. The wing root is located at 38.10 mm
(1.5 in) spanwise from the flap hinge, where a torsional spring is located. The first chordwise
rib is located 4.06 mm (0.16 in) from the wing root. The torsional spring (nonlinear, although
its actual characteristic is not currently modeled) allowsto passively control the pitch change as
a function of the wing motion and inertial and aerodynamic loads.

The structural properties are listed in Table 1; in some cases they represent reasonable
guesses, as the actual properties of the artifact could not be measured. The model is currently
being correlated with experimental results; the fitting could probably be improved, although it
already appears to reproduce relatively well the observed behavior.

Figure 8 illustrates the motion of the wing when performing ahalf-cycle at zero reference
pitch angle, subjected to pure drag external forces (i.e. nodal forces opposite to the absolute
velocity of the nodes).

3.2 Aerodynamic Model and Fluid-Structure Interaction

The aerodynamics of flapping wing for MAV are characterized by substantial unsteady low-
Mach, low-Reynolds phenomena. Viscosity and unsteadiness play a major role in the descrip-
tion of the dependence of aerodynamic loads on the motion of the structure [6, 15]. For this
reason, it is understood that CFD based on unsteady Navier-Stokes equations need to be used.

10



Pierangelo Masarati, Marco Morandini, Giuseppe Quaranta and Riccardo Vescovini

Table 1: Flapping wing: structural properties.

Carbon-fiber spanwise spar & chordwise ribs
Density 1600.0 kg/m3

Tensile modulus 220.0 GPa
Shear modulus 5.0 GPa

Mylar film
Density 1390.0 kg/m3

Tensile modulus 4.9 GPa
Poisson’s modulus 0.3
Thickness 2.54×10−5 mm

Pitch spring
Stiffness 1.0 N m/radian
Damping 5.0×10−3 N m s/radian

Figure 8: Half-cycle flapping sequence of multibody model offlexible wing.
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(a) Upstroke (b) Downstroke

Figure 9: Flapping wing: wing motion during a complete stroke.

This will be a fundamental aspect of the continuation of the present research.
In this work, in order to address the coupled fluid-structureanalysis of the flapping wing,

free wake aerodynamics based on the Vortex Lattice Method (VLM) is used, as discussed in
[28]. This approach represents a viable choice for the prediction of unsteady inviscid problems
at relatively low Mach numbers, when compressibility effects can be safely neglected. The
approach is known to suffer from severe limitations for thisproblem, since it does not account
for viscosity, especially at low Reynolds numbers. However,it is believed to be able to provide
a gross indication of the performances of the system and, in any case, to complete the problem
by providing appropriate interactional forces.

3.3 Numerical Results

The hover case at the largest flapping amplitude (40 degrees)and frequency (10 Hz) consid-
ered in [16] has been analyzed, to address what is consideredthe most challenging operating
condition from the point of view of the structural model analysis. Figure 9 shows the motion
and the straining of the wing during a complete stroke. In this configuration, the flapping mo-
tion occurs about a vertical axis (axisx in Fig. 9, with the positive direction that goes from
the leading edge to the trailing edge). The torsion of the wing and the warping of the shells is
apparent.

Figure 10 shows the three components of force generated by a single wing. The curve labeled
‘Thrust’ indicates the net force generated in the vertical direction; it pulsates with a frequency
that is twice that of the flapping, since a positive peak occurs during both up- and downstroke.
The curve labeled ‘Lift’ acts along a direction normal to thewing surface at rest. It pulsates with
the same frequency of the oscillation, since it is negative during upstroke and positive during
downstroke. The curve labeled ‘Lateral’ represents the overall spanwise force; as expected, it
pulsates with a frequency twice that of the flapping. This component of force is not relevant,
since it is eventually cancelled by the corresponding component from the other wing. The
average thrust is about 0.1 N (10 grams). This is somehow consistent with the experimental
results from Fig. 18 of [16] (the ‘Flexible wing’ curve), which reports about 14 grams for
the flexible wing actuated at 10 Hz with a flapping amplitude of40 degrees. The difference
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Figure 10: Flapping wing: force components of a single wing in hover.

is probably related to the inaccuracy of the vortex lattice model and to the uncertainties in the
structural model. The trend of the thrust with respect to actuation frequency is shown in Fig. 11.

Figure 12 presents the difference of pressure distributionbetween the upper and lower sur-
faces on the (deformed) wing at seven points during a complete stroke of the wing,

∆p = pu − pl. (18)

The minimal pressure distribution, close to null∆p on the entire wing surface, is obtained at
the maximum stroke amplitudes, upward and downward, i.e.β = 40 downstroke andβ =
−40 upstroke. These positions correspond to the minimum pointsof the thrust curve shown in
Fig. 10. The maximum thrust is obtained atβ = 0 always. However, the behaviour of the lift
force is different for the two cases. During downstroke, themaximum positive∆p peak is on
the leading edge, while during upstroke, close to the leading edge, the maximum negative∆p
peak can be observed. The lift distribution curve of Fig. 10 shows that the positive lift obtained
close toβ = 0 downstroke is larger, in absolute value, than the negative value obtained close to
β = 0 upstroke; this corresponds to the pressure distribution behaviour shown in Fig. 12.

4 CONCLUSIONS AND FUTURE WORK

This work presented the implementation of a 4-node shell element within the free multibody
solver MBDyn to support the modeling and the analysis of flapping wing Micro-Aerial Vehi-
cles. In order to provide realistic aerodynamic forces, thestructural solver has been coupled
to an existing in-house implementation of lifting surface and free wake analysis based on a
vortex-lattice approach. An original general-purpose, meshless boundary interfacing approach
based on Moving Least Squares with Radial Basis Functions has been used. Extensive vali-
dation of the shell implementation has been presented. Encouraging preliminary results have
been obtained from the modeling and analysis of the dynamicsand aeroelasticity of a very flex-
ible flapping wing model. Future activity will address the coupling of the structural analysis
with unsteady Navier-Stokes for high-fidelity fluid-structure coupling, and extensive paramet-
ric investigation of the models to improve the understanding of the physics of the problem and

13



Pierangelo Masarati, Marco Morandini, Giuseppe Quaranta and Riccardo Vescovini

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 4  5  6  7  8  9  10

T
hr

us
t, 

N

Frequency, Hz

Experimental (Malhan 2010)
Vortex Lattice (present)

Figure 11: Flapping wing: mean thrust of a single wing as a function of flapping frequency.

support future designs.
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[2] S. A. Ansari, R. Żbikowski, and K. Knowles. Aerodynamic modelling of insect-like flap-
ping flight for micro air vehicles. Progress in Aerospace Sciences, 42:129–172, 2006.
doi:10.1016/j.paerosci.2006.07.001.
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