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Abstract

The paper presents a discussion on the modeling of
beams for rotorcraft applications. The aim of this
work is to show in a clear and complete manner how
the most significant terms of a comprehensive beam
model fit together in a unique framework. To this
purpose, a general nonlinear formulation for arbitrar-
ily shaped beams, accounting for anisotropic non-
homogeneous sections, initial twist and curvature,
and prestress is discussed; the most significant effects
noted and discussed in the literature are highlighted,
in an attempt to obtain a deeper comprehention of
their nature.

Symbols
E elastic tensor
F deformation gradient
g volume of the elementary hexahedron
gi, gi covariant and contravariant base vectors
p initial position of the reference line
R initial orientation of the section
S 2nd Piola-Kirchhoff stress tensor
t initial position of an arbitrary point in

the section
x initial position of an arbitrary point
ε strain tensor
η curvilinear abscissa
κ angular strain vector
ν linear strain vector
ξi section coordinates (ξ2, ξ3 define the

section; the section normal is assumed
to be loosely aligned with p/η)

ρ curvature
τ volume loads

Operators

(·)
′

deformed entities (w.r.t. initial ones)
(·)/⊗ gradient

(·)/η differentiation along the beam axis

(·)/⊗S gradient in the plane of the section

(·) × vector product operator
(·) : (·) scalar product between 2nd order tensors

Introduction

The beam model historically represented the main tool
for the analysis of flexible rotor blades; rarely in the en-
gineering practice a structural model could be applied
to a real world problem without resorting to undue
simplifications as successfully as the beam model to
the analysis of rotor blades.
Nonetheless, this application undoubtedly stresses the
beam model, requiring it to account for: (1) geomet-
rical stiffening due to the high nearly-axial prestress
caused by the centrifugal forces, (2) distributed iner-
tial forces generated by the central force field, which
may cause significant coupling effects related to mass
center offsets and high chord to beam inertia moment
ratios, (3) constitutive coupling effects related to off-
sets of the normal stress center with respect to the
elastic axis, (4) constitutive coupling effects related
to the anisotropy of the materials, (5) constitutive
coupling effects related to pretwist and curvature of
the beam in the reference condition.

A brief history of classical linear [1] and nonlinear
beam analysis is presented, following [2], [3] and [4].
The parameters involved in the description of the kine-
matics and of the constitutive law of the models are
discussed in view of subsequent achievements in the
field [5, 6, 7, 8]. As a result, a clear separation be-
tween the effects related to the constitutive properties
and the beam intrinsic straining is operated. Con-
trary to the current practice, the description of the
load caused by the body forces generated by the cen-
tral acceleration field, including centrifugal and Cori-

olis effects, is separated from the description of the
structural model.
A modern approach to the problem, based on the so-
called “exact” or “intrinsic” beam model [7, 9, 10],
including a general approach to the characterization
of the constitutive law of arbitrary beam sections, is
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presented [11, 8]. The corresponding classic linear and
nonlinear models can be obtained as specializations of
the general framework.

Some effects related to geometrical nonlinearities can-
not be captured even by the “exact” beam model,
because they arise from second order terms of the de-
formation energy. Following Borri and Merlini [5], it
is shown that these effects can be obtained with a
high degree of refinement by considering the intrinsic
relationship between the characterization of the beam
section constitutive law and the description of the
kinematics provided by the “exact” beam model. This
results in a refined “prestress” constitutive matrix that
accounts for the effective constitutive coupling terms
due to the actual, preloaded reference state of the
beam section.

Other coupling effects associated with the initial twist
and curvature of the beam, which may be significant
in helicopter and tiltrotor blade modeling, especially
when the blade root is considered, are captured again
by the close interaction between the section character-
ization and the “exact” model [8]. This contribution
correctly shows that the initial twist and curvature
of a beam are “constitutive” properties of the beam
section, in the sense that they participate in the re-
lationship between linear and angular strains and in-
ternal forces and moments of the beam. As a result,
even a beam made of isotropic material may show an
anisotropic global behavior, because the rate of twist
and curvature introduce a sort of anisotropy at the
global level.

As previously mentioned, the inertial loads do not
strictly need to be included in the beam structural
model because they depend on the position and the
orientation of the beam section and their time deriva-
tives; as soon as the kinematically exact formulation is
considered, these loads are accounted for in an exact
manner, just as other configuration-dependent loads
are. Nonetheless, some details on the dependence of
the loads on the beam configuration may help in de-
termining their effect on the beam behavior.

The work is articulated as follows:

• a brief discussion of some of the approaches avail-
able in the literature is given, and their significant
aspects and limitations are presented;

• the intrinsic formulation is presented, based on a
nonlinear, three-dimensional analysis where the
geometry is expressed as function of intrinsic
properties (e.g. a reference point and a reference
orientation of an arbitrary beam section);

• some of the possible uses of the intrinsic formu-
lation are discussed in view of their applicability

to different phases of rotor blade analysis and
design.

Review of Rotating Beam Analysis

A detailed review of the literature on the analysis of
beams, even when narrowed to rotorcraft applications,
is beyond the scope of this work. Many qualified
authors have proposed excellent discussions on the
topic; among these, the works of Hodges [2] and of
Kunz [3] represent complete and detailed references.
However a brief discussion is fundamental in order
to understand the need for an intrinsic beam model
that accounts for both nonlinear beam equilibrium and
the most general beam section characterization pro-
cedure.
Following the excellent review proposed by Kunz [3], a
first distinction can be made between linear, nonlinear
and exact formulations; a separate section is dedicated
to the so-called “composite” analyses.
Linear theories result in writing the moment equilib-
rium equations of the beam in linear form with regard
to the transverse displacements and the twist rotation,
under the engineering beam assumption. As shown in
[3], this may include the modeling of pretwist, mass
and axial strain center offsets from the elastic axis,
as done in [1], under some simplifying assumptions
that must be accurately evaluated in order to decide
whether the resulting theory is acceptable or not for
the specific application.
Nonlinear theories differ from the linear ones because
some nonlinear terms are retained. The choice of the
nonlinear terms to be preserved is usually based on
ordering schemes; basically, a parameter ε, with the
order of magnitude of the bending slope, is defined.
It is used to compare the order of magnitude of the
other terms, which are dropped when they exceed εn,
where n is the desired order.
The so-called “exact” theories are those that do not
resort to any approximation in the formulation of the
beam equations; however this definition is misleading,
because the inevitable approximations that are made
at some point in the formulation are hidden.
Finally, the so-called “composite” analyses try to over-
come the limitations usually implied in the above men-
tioned approaches. In fact, all those approaches as-
sume that the constitutive properties of the beam sec-
tion are known, possibly in form of a simple geometric
property of the section, or of an elastic property of the
material(s). It is important to consider that the usual
beam section synthetic properties, e.g. the bending
and torsional stiffness moduli, the elastic and the ax-
ial strain axes and so on, are usually determined by
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means of analytical formulae that rely on geometrical
properties of the beam section. This may be feasible
when simple geometries are considered, and drastic
assumptions on the form of the transverse strains and
stresses can be made. However, it is no longer true
when composite (e.g. non-homogeneous, a common
practice in helicopter blade design long before the in-
troduction of anisotropic fiber composite materials)
designs are considered, because the interactional ef-
fects at different material boundaries alter the over-
simplified geometry-based coefficients.

Configuration-Dependent Loads One of the question-
able points that frequently occur in beam formulations
is the intermixing of configuration-dependent effects
related to elasticity with different effects arising from
configuration-dependent forces, such as the inertial
forces that load a rotating beam. The nature of the
load terms should be kept separate from the beam
formulation; they can enter the beam dynamics equa-
tions in two ways: directly, in the form of distributed
loads that directly apply to an infinitesimal “beam
slice”, or indirectly, in the form of reference internal
forces. The latter indeed determine elastic effects and
must be considered when formulating a beam model;
on the contrary, a general beam model should not
assume any specific nature of the distributed loads,
nor a specific dependence on the configuration of the
beam.

Linear and Nonlinear Models The work of Houbolt

and Brooks [1], although based on earlier works
concerning specialized cases of nonrotating/rotating
beam analyses, represents a milestone in rotating
beams analysis for rotorcraft applications. The re-
sulting approach is linear, although the linearization
is delayed enough to account for axial prestress and
bending/torsion effects related to pretwist. The anal-
ysis starts by assuming an axial strain field that results
in a corresponding stress field by means of an isotropic
constitutive law for axial stress state, to avoid having
to consider transverse and shear stresses. The cor-
responding internal forces are obtained by integrating
the stresses on the beam section, under strict geomet-
rical and elastic limitations. One of the limitations of
the above mentioned ordering scheme used to build
nonlinear theories is that sometimes their strict ap-
plication requires dropping terms that are known to
produce significant physical effects. Moreover, they
are known to break the symmetry and the variational
properties of consistent structural models. An inter-
esting work by Shi et al. [12] showed how the usual
linearized Euler-Bernoulli beam theory produces a de-
formation field that results in an approximation of the

rotation matrix which is only first-order. By enforcing
a second-order approximation, a consistent second-
order beam theory is obtained, which ensures a higher
order of accuracy when large displacements and sig-
nificantly large rotations occur as a consequence of
the straining of the beam.

Intrinsic and Composite Models Exact, or intrinsic,
models appeared in the mid-eighties; some of the
first examples are the works by Hodges [13, 9], and
Bauchau [7]. The basics of an intrinsic beam analysis
were already present in earlier works by Borri [14] and
other authors [6, 5, 15]. These approaches rely on an
exact formulation of the kinematics of a continuum.
Usually the beam is described as a one-dimensional
continuum with structure, where a strong accent is
put on how the finite rotations of the beam section
are described, and how this interacts with the gener-
alized strain vectors of the beam. This results in a
conventional beam model, e.g. a set of force and mo-
ment equilibrium, in which the current configuration
of the arbitrary section is described by means of an
orientation that is an implicit function of the rotation
unknowns.

In some significant cases (e.g. the beam section char-
acterization formulation described below, usually as-
sociated with the work by Giavotto et al. [11],
subsequent works by Atilgan, Hodges and their co-
workers [16, 17], some early works by Bauchau and

Hong [18, 7, 19], by Kosmatka and Dong [20], and
more) the problem is formulated in terms of a three-
dimensional continuum analysis which, after apply-
ing boundary conditions compatible with the de Saint

Venant solution, implicitly satisfies the equilibrium
and the compatibility at the material level. This
approach has been addressed as “composite” in [3],
because its use is mandatory when considering non-
homogeneous anisotropic continua; note, however,
that this type of analysis may be required also for
beam sections made of isotropic material to correctly
capture the torsional and shearing behaviors, which
are dominated by complex warping solutions.

The framework for the intrinsic analysis of beams
presented in this paper is a generalization of previ-
ous works on arbitrary beam section characterization,
which started in 1977 [21], reached a mature state in
the linear case in 1983 [11], and was later extended
to account for prestress [5], initial twist and curva-
ture [8], thermal strains [22], coupling with piezo-
electric effects [23] and propagation effects of dis-
tributed loads [24], mostly in the linear case. None of
the above mentioned works accounted for a complete
nonlinear analysis in a generic reference configuration,
with arbitrary initial twist and curvature.
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Intrinsic Formulation

Although quite complex, the formulation of the in-
trinsinc beam model, inclusive of the beam character-
ization procedure, is briefly reported, to highlight its
significant aspects and to allow a direct comprehen-
sion of the influence of the different terms and contri-
butions. The kinematics of an arbitrary beam section
are described first; then the Virtual Work Principle
is applied to the internal and the external work that
is done on an infinitesimal slice of beam; particular
care is used in defining the external work. The intrin-
sic beam equations result in: the usual equilibrium
equations, the definitions of the internal forces, plus
the equilibrium and a constraint on the warping itself.
The most significant applications of the formulation
are outlined.

Kinematics The beam is assumed to be generated by
the rigid rotation and translation of a section. The
section normal is assumed to be loosely aligned with
p/η. As will be clarified later, the section geometric,
elastic and inertial properties must not depend on the
axial position. The position of an arbitrary point on
the undeformed and on the deformed sections are:

x = p(η) + R(η)t(ξ2, ξ3)

x′ = p′(η) + R′(η)t′(η, ξ2, ξ3).

The curvature of the section, i.e. the axial rate of the
section orientation, R, results from differentiating R

with respect to the abscissa η:

ρη× = R/ηRT .

The deformation gradient (see for instance [25]) is:

F = x′

/⊗

=
(

p′

/η + ρ′

η × R′t′
)

⊗ gη + R′t′/⊗. (1)

The properties of the beam, including its strain state,
must be independent from a rigid body motion; it
turns out that appropriate beam linear and angular
strain vectors are defined as

ν = R′T p′

/η − RT p/η (2)

κ = R′T ρ′

η − RT ρη. (3)

Taking into account Equations (2, 3), the straining
of the reference line and the curvature of the beam
section, “pulled back” in the reference frame of the
section itself (also known as the “material frame”),
can be written as

R′T p′

/η = RT p/η + ν

R′T ρ′

η = RT ρη + κ.

The gradient F of Equation (1) becomes

F = R′

((

R′T p′

/η +
(

R′T ρ′

η

)

× t′

+ t′/η

)

⊗ gη + t/⊗S

)

,

so it can be proficiently expressed in terms of refer-
ence values (i.e. without prime) of the initial position,
p, and orientation, R, and their derivatives, plus the
incremental quantities ν and κ. The whole gradient
is then “pushed forward” to the global reference frame
by the rotation tensor R′.

Strain Tensor The Green-Lagrange strain tensor is
defined as

ε =
1

2

(

F T F − I
)

;

it is clear from the definition that it is symmetric, and
independent from a rigid change of orientation.

The Second Piola-Kirchhoff stress tensor, S, which
is conjugated to the above described strain tensor, is
considered. If a linear elastic constitutive law is used,
the stresses are:

S = E : ε.

The type of constitutive law can be very important,
depending on the analysis that is required. A generic
law can be used when solving for a specific problem,
while a linear elastic law, or at least its linearization
is required when computing detailed global stiffness
properties of the beam section.

This relationship is of paramount importance because
the stress analysis is performed using the entire strain
tensor, including those components that are usually
neglected in beam analysis, but might be significant
when composite or non-homogeneous materials are
considered. Note that, according to the desired ma-
terial strength theory, the stress analysis may require
the Cauchy stress tensor, ‖F−1‖FSF T ; in any case,
it is simply a matter of post-processing.

Virtual Work Principle

By equating the internal and the external work of an
infinitesimal beam “slice” of length dη, a complete
set of equilibrium equations is obtained.
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Internal Work The internal work is:
∫

V

δε : SdV =
∂

∂η

(∫

V

δε : SdV

)

dη

=
∂

∂η

(∫

η,ξ2,ξ3

δε : Sgdηdξ2dξ3

)

dη

= dη

∫

ξ2,ξ3

δε : Sgdξ2dξ3.

It involves the virtual variation of the strains:

δε =
1

2

(

δF T F + F T δF
)

,

but, under the assumption that S is symmetric, it can
be rewritten as:

∫

ξ2,ξ3

δε : Sgdξ2dξ3 =

∫

ξ2,ξ3

δF F T : Sgdξ2dξ3.

External Work Two radically different contributions
must be considered:
(a) the external active loads applied to the slice, which
can be roughly divided in volume loads (e.g. the in-
ertia forces), and surface loads (e.g. aerodynamic or
contact forces applied to the annular surface that rep-
resents the external boundary of the beam slice);
(b) the loads that account for the transmission of the
internal forces between the two inner faces of the slice
and the rest of the beam in both directions.
Case (a) leads to work contributions that, for rotating
beams and, significantly, for rotor blades, depend on
the configuration and its time derivatives, and lead to
coupling effects such as the so-called “tennis racket”
effect, Coriolis couplings, or aeroelastic effects. Con-
sider an arbitrary volume load vector τ , which, in case
of inertia forces, becomes τ = −ρẍ′. The generic ex-
ternal work becomes

∫

V

δx′τdV =
∂

∂η

(∫

V

δx′τdV

)

dη

= dη

∫

ξ2,ξ3

δx′τgdξ2dξ3.

These loads need not be considered at this point of
the formulation.
Case (b), skipping some algebra manipulation, yields
∫

∂V

δx′FSndA =
∂

∂η

(∫

A

δx′F SndA

)

dη =

dη

∫

ξ2,ξ3

(

δx′

/ηFSgηg + δx′ (F Sgηg)/η

)

dξ2dξ3,

under the assumption that ‖gηg‖ is constant; since
the beam section is generated by a rigid rotation, the
norm of gη does not change with η. The first Piola-

Kirchhoff stress tensor, FS, is used, together with an

Table 1: Work contributions to the equations
Int. Work Ext. Work Equations

δp′ Forces equilibrium
ϕδ Moments equilibrium

δν δν Internal forces def.
δκ δκ Internal moments def.

δt′/⊗S δt′/η Warping equilibrium

δt′ δt′ Warping constraint

elementary area dA = ‖g2 × g3‖dξ2dξ3, with g2 ×
g3 = gηg, where g is the volume of the elementary
hexahedron: g = g

2
× g

3
· gη . Both contributions to

the external work require the virtual variation of the
arbitrary point position, x′, and that of case (b) also
requires the derivative with respect to η:

δx′ = δp′ + ϕδ × R′t′ + R′δt′

δx′

/η = ϕδ × x′

/η

+ R′

(

δν + δκ × t′ +
(

R′T ρ′

η

)

× δt′ + δt′/η

)

.

Intrinsic Beam Equations

By collecting the terms that multiply the virtual vari-
ations of the different entities, according to Table 1,
the equations of the problem are obtained.

Internal Forces Definitions By collecting the terms
that multiply the virtual variations of ν and κ, the
definitions of the internal forces of the beam, f and
m result:

δνR′T ⊗ gη :

∫

ξ2,ξ3

F Sgdξ2dξ3

= δν R′T

∫

ξ2,ξ3

F Sgηgdξ2dξ3

︸ ︷︷ ︸

f

(4)

and

δκ

∫

ξ2,ξ3

t′ × R′T ⊗ gη : F Sgdξ2dξ3

= δκ

∫

ξ2,ξ3

t′ × R′T F Sgηgdξ2dξ3

︸ ︷︷ ︸

m

. (5)

Equilibrium Equations The beam equilibrium equa-
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tions result from collecting the terms in δp′ and ϕδ:

0 = δp′

∫

ξ2,ξ3

(F Sgηg)/η dξ2dξ3

= δp′








R′ R′T

∫

ξ2,ξ3

FSgηgdξ2dξ3

︸ ︷︷ ︸

f








/η

= δp′
(
R′f

)

/η
(6)

and

0 = ϕδ

∫

ξ2,ξ3

((
R′t′

)
× FSgηg

)

/η
dξ2dξ3 +

ϕδp
′

/η ×

∫

ξ2,ξ3

F Sgηgdξ2dξ3

= ϕδ








R′

∫

ξ2,ξ3

t′ × R′T F Sgηgdξ2dξ3

︸ ︷︷ ︸

m








/η

+

ϕδp
′

/η × R′ R′T

∫

ξ2,ξ3

F Sgηgdξ2dξ3

︸ ︷︷ ︸

f

= ϕδ

((
R′m

)

/η
+ p′

/η × R′f
)

. (7)

Note that there is no contribution of the internal work
to the equilibrium equations because the virtual vari-
ation of the strains does not depend on the position
nor on the orientation of the generic section.

Warping Equations The warping equations result by
collecting the contributions to the internal and ex-
ternal work that multiply the virtual variation of the
warping function, t′, and its derivatives. After some
algebra manipulation, this contribution results in:

∫

ξ2,ξ3

δt′/⊗S : R′T FSgdξ2dξ3 =

∫

ξ2,ξ3

δt′R′T (F Sgηg)/η dξ2dξ3.

Notice, however, that, as stated in [11], the warping
function is defined in excess of a rigid displacement
and rotation, because of the arbitrary splitting of the
beam kinematics in a reference part, p′ and R′, plus
a warping part, t′. As a consequence, it is possible to
eliminate this underdetermination by finding the rigid
displacement and rotation that satisfies the constraint

(∫

ξ2,ξ3

δt′R′T F Sgηgdξ2dξ3

)

/η

= 0, (8)

as stated in [5]. The resulting warping equation

∫

ξ2,ξ3

(
R′δt′

)

/⊗
: FSgdξ2dξ3 = 0. (9)

states that the work of the internal stresses by the
gradient of the warping displacement is null.

External Forces

The force and moment equilibrium equations and
the warping differential equation are respectively cor-
rected by the contributions

δLf = δp′

∫

ξ2,ξ3

τgdξ2dξ3

δLm = ϕδR
′

∫

ξ2,ξ3

t′ × R′T τgdξ2dξ3

δLt =

∫

ξ2,ξ3

δt′R′T τgdξ2dξ3,

which can be later specialized by considering appro-
priate expressions for τ . Notice that, by adding the
active contribution of the external work to the beam
equilibrium equations, Equations (6–7), with some al-
gebra manipulation, become:

(
R′f

)

/η
= −

∫

ξ2,ξ3

τgdξ2dξ3

(
R′m + p′ × R′f

)

/η
= −

∫

ξ2,ξ3

x′ × τgdξ2dξ3,

which describe the differential equilibrium of a beam
with respect to a fixed pole.
The second time derivative of the position of course
involves the reference configuration of the beam as
well as the warping:

ẋ′ = ṗ′ + ω′ × R′t′ + R′ṫ
′

ẍ′ = p̈′ +
(
ω̇′ × + ω′ × ω′ ×

)
R′t′

+ 2ω′ × R′ṫ
′
+ R′ẗ

′
.

However, in most applications, whenever a clear sepa-
ration between the dynamics scale of the local warping
and that of the reference motion occurs, it is reson-
able to consider a static approach to the analysis of
the local beam configuration, where the reference dy-
namics of the beam accounts for the most part of the
inertial loads. In this case, a reasonable expression for
the accelerations could be

ẍ′ ∼= p̈′ + ω̇′ × R′t′ + ω′ × ω′ × R′t′,

where the acceleration of the reference line and the
angular acceleration of the section are considered,
while the time derivatives of the warping are dropped.
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In rotorcraft applications, however, it is common prac-
tice to consider a rotating reference frame for rotor
blade analysis; as a consequence, the point displace-
ment is left multiplied by a rotation tensor that de-
scribes the reference motion; the acceleration of the
point results in:

a =
(

Ω̇× + Ω×Ω ×
)

x′ + 2Ω× ẋ′ + ẍ′,

where Ω is the angular velocity of the rotating frame,
so the distributed inertia forces become τ = −ρa.
It is worth noticing that when a consistent nonlinear
approach to the modeling of rotating beams is used,
e.g. a multibody framework, the inertial effects are im-
plicitly accounted for by the accurate modeling of the
kinematics of the parts that contribute to the inertia
of the system.

Solution

The problem described by Equations (4–9) is differ-
ential in the warping t′, and algebraic in the linear
and angular strain vectors, ν and κ. It is also highly
nonlinear, so it must be solved numerically. It can
be turned into a differential problem in the η coor-
dinate by separating the dependency of the warping
on the in-plane coordinates, which is later expressed
by means of interpolating shape functions, from that
on the axial coordinate, which can be preserved in an
analytical form to compute interesting properties of
the overall beam (see the so-called “extremity solu-
tion” in [11]). The linearization of the definitions of
the internal forces and moments, and of the warping
equilibrium is reported in Appendix A for complete-
ness. The elastic and geometric contribution to the
strain energy are easily identified.

Applications

Two problems deserve particular attention: (I) the di-
rect solution of the section straining for a given set of
internal forces and external loads, and (II) the char-
acterization of the beam section in a reference load
(and strain) configuration.

(I) Direct Solution The case of the direct solution
of the nonlinear problem implies the use of the equi-
librium equations to compute a set of internal forces
that are respectful of the equilibrium. The resulting
internal forces become the right-hand side of the in-
ternal force definition equations, which concur, with
the warping equation, and the warping constraint, to
the determination of the strain solution. If the internal
forces and moments at the right-hand side of Equa-

tions (4, 5) satisfy the beam equilibrium Equations (6,
7), possibly with a net external work contribution to
the warping equilibrium Equation (9), the nonlinear
equilibrium problem can be readily solved.

(II) Beam Section Characterization This case re-
quires the choice of 6 independent load perturbations
that are respectful of the beam equilibrium equations.
The same set of equations described for the above
case are linearized about a reference solution, and the
problem is solved to determine the influence strain co-
efficients for the load perturbations. From this result,
the section stiffness matrix is later synthesized. The
solution can be specialized to significant load cases by
computing the sensitivity of the perturbation solution
to changes in the reference condition; a typical case is
that of a rotating beam, where a significant contribu-
tion of the axial strain to the bending stiffness occurs.
Since the axial strain depends on the axial load, which
can be roughly parametrized on the reference angular
velocity of the blade, Ω, a parametric correction of
the stiffness matrix of the section can be obtained. In
many cases, the partial derivative of the blade stiff-
ness matrix with respect to the parameters (e.g., the
angular velocity) can be expressed in a closed form.

Tension-Torsion Coupling

The tension-torsion coupling represents an interesting
example that exploits the features of the intrinsic ap-
proach in a relatively simple case, in order to reduce
the complexity of the problem. It is very important
when highly twisted rotor blades are considered, as
those that are used in tiltrotor aircraft whose rotors
are optimized for forward flight in the aircraft mode. It
was already considered in Houbolt and Brooks’ work
[1], although it was usually accounted for by means
of a simplified geometrical coefficient.

Conventional Description According to CAM-
RAD/JA’s manual [26], the twisting equilibrium equa-
tion, based on [1], (preserving the original notation,
where the prime (·)′ now denotes the axial derivative)
contains the contributions

Mt = GJeff ϑ′

e + k2

ATϑ′

tw + . . . ,

where the dots represent other contributions not re-
lated to the present discussion, while

GJeff = GJ + k2

AT.

The coefficient

kA =

√
√
√
√

∫

A
E

(

(x − xea)
2
+ (y − yea)

2
)

dA
∫

A
E dA
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is the polar radius of gyration of the cross-sectional
area effective in carrying the tensile stresses, com-
puted with reference to the elastic axis, xea, yea. This
equation, when written as

Mt = GJϑ′

e + k2

AT (ϑtw + ϑe)
′
,

highlights the fact that the effect of the tension T on
the twist stiffening involves the total twist rate, i.e.
the rate of the sum of the geometric pretwist and the
elastic twist.

Nonlinear Interpretation By substituting T = EAεA

in the equations above, where EA synthesizes the
tensile stiffness of the beam section, one obtains

Mt = GJϑ′

e + k2

AEA (ϑtw + ϑe)
′
εA.

The resulting term, (ϑ′
tw + ϑ′

e) εA, describes a cou-
pling between the axial strain, εA, and the twisting.
The linear part, ϑ′

twεA, is a pretwist effect that is
captured in detail by the linear pretwisted solution
of the “composite” analysis (i.e. as proposed in [8]),
while the term ϑ′

eεA is a prestress effect that in prin-
ciple should be captured by a prestress solution of
an analogous “composite” analysis as proposed ear-
lier in [5], although not directly addressed by the
Authors in the mentioned work. In fact, that work
did not show any relation between second order ax-
ial strain/twist coupling, although obtainable, while
no axial strain/pretwist coupling could be captured
because it assumed a straight, untwisted initial ge-
ometry. It is apparent, using the complete intrinsic
formulation described in this work within an updated
Lagrangian approach, that the effect of the strain-
ing of the beam is nothing but an initial prestress
term, a change in the current reference curvature,
and a warping, that are respectful of equilibrium and
compatibility. The above described interpretation of
the axial/twist coupling, under the assumption that
a warping in the reference section does not signifi-
cantly alter the coupling effects, clarifies the use of
the simplified, somehow “näıve” coupling coefficient
k2

AEA for both the linear pretwisted and the nonlin-
ear coupling. Notice that, to this extent, there is no
difference between a geometric pretwist and the initial
twisting caused by an initial load state, e.g. they cause
the same coupling with the axial tension because this
is entirely based on the geometry of the current con-
figuration of the beam, namely the total twist rate.
Remember that this formulation assumes that the ge-
ometry (and the elastic properties) do not depend on
the axial coordinate. This is consistent with neglect-
ing the warping in the definition of the new reference
geometry within the updated Lagrangian approach.

However, as will be clarified in the next section, the
warping is essential in order to explain the coupling
effect, and the approximations introduced with this
choice are not completely understood yet.

Coupling Coefficient It is interesting to note that the
approximation of the coupling coefficient with kA as
defined above [1] is somehow misleading. Consider
the limit case of a beam with circular section, made
of isotropic material, the coupling coefficient would
be exactly kA =

√
Jp/A. However, the pretwist for

a circular section beam is meaningless, so the initial
(linear) axial strain/twist coupling must be null when
the material is isotropic; the conventional assumption
of kA fails for this elementary case.
The proposed intrinsic formulation has been applied to
this case, and an analytical solution has been obtained
by assuming a pure extension/twisting solution, with
in-plane homotetic warping, of an arbitrary beam sec-
tion made of homogeneous isotropic material. With-
out going into excessive detail, and avoiding tedious
algebra manipulation, no axial strain/twist coupling
results regardless of the section shape when no out-
of-plane warping is allowed. This is quite resonable
since it is out-of-plane warping, and the resulting shear
strains, that accounts for beam twisting, while it is
well known that only circular sections, when isotropic
materials are considered, do not exhibit out-of-plane
warping when twisted.
This result has been confirmed by a linear finite ele-
ment analysis of the twisted prism in Figure 1: the
expected coupling appears when a pure tensile load is
applied to the top and the bottom faces of the stati-
cally determined model, as shown in Figure 2 (right);
but when the out-of-plane warping is inhibited, there
is no twisting at all, as clearly shown in Figure 2 (left).

Concluding Remarks

The framework discussed in this work identifies the
appropriate collocation of each term in the classic lin-
ear/nonlinear beam formulations in terms of structural
model, beam section constitutive law and configura-
tion dependent loads; the most rigorous approaches
(to the authors’ knowledge) to the computation of the
constitutive coefficients associated to these terms are
indicated. Some novel (at least to the authors’ knowl-
edge) considerations and clarifications on the nature
of the axial strain/twist coupling have been given.
This coupling is known to originate from three dif-
ferent phenomena: pretwist, prestress and anisotropy
of the materials. While there is little to say about the
last source of coupling, it is shown that the prestress
coupling may be seen — in a first approximation —
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Figure 1: Initially twisted beam

as originating from the same phenomena that cause
the first coupling effect; i.e. the coupling is related
to the current twist, regardless of its nature, elastic
or geometric. Moreover, the importance of the out-
of-plane warping in determining the coupling coeffi-
cient, and the oversimplification of its usual simplified
formulas have been addressed. Although the beam
model appears to be widely consolidated, the debate
is still open on some aspects of the “exact” formula-
tion and its companion constitutive characterization
scheme. Hopefully, this paper will help in clarifying
some interesting points in this important field.
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Appendix A

This appendix contains the linearization of Equations (4, 5, 9).
Internal forces definition (Eq. 4):

∂

(

δνR′T ⊗ gη :

∫

ξ2,ξ3

F Sgdξ2dξ3

)

= δνR′T ⊗ gη :

∫

ξ2,ξ3





(

R′ (∂ν + ∂κ × t′) ⊗ gη +
(
R′∂t′

)

/⊗

)

S+

F EF T :
(

gη ⊗ R′ (∂ν + ∂κ × t′) +
(
R′∂t′

)T

/⊗

)



 gdξ2dξ3

= δν

∫

ξ2,ξ3






gηSgη (∂ν − t′ × ∂κ) + R′T
(
R′∂t′

)

/⊗
Sgη+

R′T ⊗ gη : FEF T : gη ⊗ R′ (∂ν − t′ × ∂κ) +

R′T ⊗ gη : FEF T :
(
R′∂t′

)T

/⊗




 gdξ2dξ3

Internal moments definition (Eq. 5):

∂

(

δκ

∫

ξ2,ξ3

t′ × R′T ⊗ gη : FSgdξ2dξ3

)

= δκ

∫

ξ2,ξ3

∂t′ × R′T ⊗ gη : FSgdξ2dξ3 +

δκ

∫

ξ2,ξ3

t′ × R′T ⊗ gη :





(

R′ (∂ν + ∂κ × t′) ⊗ gη +
(
R′∂t′

)

/⊗

)

S+

F EF T :
(

gη ⊗ R′ (∂ν + ∂κ × t′) +
(
R′∂t′

)T

/⊗

)



 gdξ2dξ3

= δκ

∫

ξ2,ξ3









−
(

R′T F Sgη
)

× ∂t′+

gηSgηt′ × (∂ν − t′ × ∂κ) + t′ × R′T
(
R′∂t′

)

/⊗
Sgη+

t′ × R′T ⊗ gη : F EF T : gη ⊗ R′ (∂ν − t′ × ∂κ) +

t′ × R′T ⊗ gη : F EF T :
(
R′∂t′

)T

/⊗









gdξ2dξ3

Warping equilibrium (Eq. 9):

∫

ξ2,ξ3 ∂
((

R′δt′
)

/⊗
: FSg

)

dξ2dξ3 =

∫

ξ2,ξ3






R′∂κ × δt′ : F S+
(
R′δt′

)

/⊗
: R′

(

∂ν + ∂κ × t′ +
(

R′T ρ′
η

)

× ∂t′ + ∂t′/⊗

)

S+
(
R′δt′

)

/⊗
: F∂S




 gdξ2dξ3 =

∫

ξ2,ξ3










R′∂κ × δt′ : F S+
(

ρ′
η × R′δt′ ⊗ gη + R′δt′/⊗S

)

: R′

(

∂ν + ∂κ × t′ +
(

R′T ρ′
η

)

× ∂t′ + ∂t′/⊗

)

S+
(

ρ′
η × R′δt′ ⊗ gη + R′δt′/⊗S

)

: FEF T : gη ⊗ R′ (∂ν − t′ × ∂κ) +
(

ρ′
η × R′δt′ ⊗ gη + R′δt′/⊗S

)

: FEF T :
(
R′∂t′

)T

/⊗










gdξ2dξ3
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